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Introduction 


At the entry for Mathematical analysis, our modern source of 
truth—Wikipedia—says 





Mathematical analysis is the branch of mathematics dealing with 
limits and related theories, such as differentiation, integration, 
measure, infinite series, and analytic functions. 

These theories are usually studied in the context of real 
numbers and functions. Analysis evolved from calculus, which 
involves the elementary concepts and techniques of analysis. 
Analysis may be distinguished from geometry; however, it can 
be applied to any space of mathematical objects that has a 
definition of nearness (a topological space) or specific distances 
between objects (a metric space). 





In this sense, our course will focus on generalizing the con- 
cepts of differentiation, integration and, up to some extent, 
differential equations on spaces that are more general than 
the standard Euclidean space. 

This said, the Euclidean space k” is the prototype of all 
manifolds: it won’t just be our simplest example, we will see 
that Locally every manifold looks like a Euclidean space. 

Euclidean spaces, and the Riemannian charts that you en- 
countered in the Geometry course, have a very strong prop- 
erty: they can be described with a set of global coordinates. 
Even though this means that all computations are explicit, it 
does make it harder to distinguish intrinsict concepts. Mani- 
folds will force our hand to work in a coordinate-free setting. 
We will see that this will unleash a surprising power that will 
allow us to lay the foundation for a Lot of the mathematics 
that will come in the rest of the curriculum. 

These notes will focus on fundamental methods of differ- 
ential geometry, in particular we will discuss manifolds, differ- 
ential forms, integration, with a wink to the study of vector 
fields and topology via cohomology. If the time permits it, we 
will give a brief tour of Lie groups and Lie algebras, Rieman- 
nian metrics and the notion of curvature, or of distrioutions 
and Frobenius theorem, depending on the preferences ex- 
pressed in class. Throughout the course and the text, | will 
try to give particular emphasis on the usefulness of these 
topics in the mathematics of mechanics and their relevance in 
certain aspects of topology and field theory. 





11.e. independent from the choice of 
coordinates. 
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The course relies heavily on your knowledge of linear and 
multilinear algebra, multivariable analysis and dynamical sys- 
tems. This should not come as a surprise: differential geome- 
try studies the natural space in which analysis, in the sense of 
derivation and integration, can be performed, and was born to- 
gether with classical mechanics, somehow as unique discipline, 
before these started diverging on their own paths. 

An old mathematical joke says that 


differential geometry is the study of properties that are invari- 
ant under change of notation. 


Sadly, this is funny because it is alarmingly close to the truth’. 





You will soon see that different references use different nota- 
tions. I’ll try to stick to the ones you used in the past courses 
when possible, falling back to [Leel3] and [Tull] and to my 
personal preference when the latter disagree. 


These lecture notes are by no means comprehensive. As 
a reference you can use to the former course textbook [Tul11] 
or you can refer to [Leel3]. You should have access to both 
books via the University library and, in addition, Lee’s ebook 
can be downloaded via the University proxy on SpringerLink. 

The book [Mcl13] is a nice compact companion that develops 
most of the concepts of the course in the specific case of Ik” 
and could provide further examples and food for thoughts. 
The books [Nic20]*, [Cra+13] and [Nan21], freely available from 
the authors’ website, are not really suitable as references for 
this courses but provides fantastic resources for the readers 
that want to dig further and see where the material discussed 
in the course can lead. Finally, a colleague mentioned [Lan02]. 
| don’t have experience with this book but from a brief Look 
it seems to follow a similar path as these lecture notes, so it 
might provide yet an alternative reference after all. 

The idea for the cut that | want to give to this course was 
inspired by the online Lectures on the Geometric Anatomy 
of Theoretical Physics by Frederic Schuller, by the lecture 
notes of Stefan Teufel’s Classical Mechanics course [Teul3] (in 
German), by the classical mechanics book by Arnold [Arn89] 
and by the Analysis of Manifold chapter in [Thi03]. In some 
sense | would like this course to provide the introduction to 
geometric analysis that | wish was there when | prepared my 
first edition of the Hamiltonian mechanics course. 

| am extremely grateful to Martijn Kluitenberg for his care- 
ful reading of the notes and his useful comments and correc- 
tions, and to Bram Brongers* for his comments, corrections 
and the appendices that he contributed for these notes. 

Many thanks also to Huub Bouwkamp, Mollie Jagoe Brown, 
Anna de Bruijn, Wietze Koops, Henrieke Krijgsheld, Levi Moes, 
Nicolas Moro, Luuk de Ridder, Lisanne Sibma, Jordan van Eke- 
lenourg, Hanneke van Harten, Marit van Straaten, Dave Verweg 


? Cit. Lee [Lee13]. 


In addition to the reference books, 
these lecture notes have found 
deep inspiration from [Mer19; Teul3; 
Hit14] (all freely downloadable from 
the respective authors’ websites), 
and from the book [AMRQ4]. 


3 Beware of typos, there are many. 


4 You can also have a look at his 
bachelor thesis to learn more about 
some interesting advanced topics in 
differential geometry. 
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and Federico Zadra for their comments and for reporting a 
number of misprints and corrections. 


Einstein summation convention 


As will become clear soon, sums of the type >), xe; are un- 
avoidably appearing all over the place when working on man- 
ifolds. Therefore, throughout these notes we will apply the 





Einstein summation convention: if the same index? appears >For example, i in the summation 
exactly twice in a monomial term, once in the lower and once Dis 2*ei- 
in the upper index position, then that term is understood to be 
summed over all possible values of that index®. § Usually from 1 to the dimension of 
For instance, the expression the space in question. 
a's bf exex 


is a shorthand for 








>) ai bf een. 
i,k 
In general, we will use Lower indices for basis of vector 
spaces’, and upper indices for the components of a vector 7E.g., (e1,-.-,€n) could be the 
with respect to a basis®. Standard basis of R™. 
; ; ; ; SE.g., the ith-coordinate x’ of 
Note that an upper index “in the denominator” is regarded reR”. 
as a lower index, so the following are to be considered equiva- 
Since the coordinates of a point 
lent: ss a nm i 
a, 0 xz € R” are also its components 
> Gf with respect to the standard basis 
5 ox or (e1,...,€n), for consistency they 
will be denoted (a!,...,2”) with 


In fact, the expressions below are all equivalent and commonly 
used in the differential geometry literature: 


upper indices. 


y y 


. Oo - oO 2 : 
) a = a =H Oy = 205. 
+ ox? Ox" 
av 














1 
Manifolds 


In the first two years of your mathematical education, you 
have become familiar with calculus for functions and vector 
fields on k”. As | mentioned in the introduction, euclidean 
spaces will be our prototypical example. However, the general- 
ization of calculus to curved spaces will require us to carefully 
isolate the mathematical structures associated to the vari- 
ous concepts. This process will help us to discover the rich 
geometric structure that lies at the root of derivation and in- 
tegration, which ultimately is of great mathematical interest 
and has revolutionized mathematical physics. 

If you think carefully, this aostraction step was already in 
the air. Think about the concept of continuity. 


1. (High school) A function f : IK — Ris continuous if you can 
draw it without Lifting your pen from the page. Then, the 
derivative f’(x) of f at a point x is just the slope of the 
function f at the point x. 


2. (Analysis) A function is continuous if its left and right Limits 

at each point exist and have the same value. Then, f : R — 

R is differentiable at a point x if the Limit 

_ f(a+h)— f(x) 
: <= Lim HW 
f (2) h-0 h 

exists, and is continuously differentiable if «+> f’(x) is itself 
a continuous function. 





3. (Multivariaodle analysis) You generalized the concepts to 
functions with more than one variable. Continuity is prac- 
tically unchanged but, now, a continuous function f = 
(ft,...,f™) :R" > R™ is differentiable at x = (z',...,2”) € R” 
if there is a linear map? T : R” — R™ such that That is, Tis am x n matrix with 
respect to some chosen basis. 


tim eth =f@) — Th _ 6G. (1.4) 
\n|—o |] 





2 This is sometimes called (total) 
. ' 2 : differential in multivariable analysis, 
The map Df(x) := T is the total derivative* of f and is but this terminology may become a 


source of confusion for us. 
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nothing else than the Jacobian matrix of f at the point z, 








that is . , 
” a 
dat (2) san (#) 
Df (x) = : — : . (1.2) 
5pm afm 
Sere) Fx(2) 
The notion of continuous differentiability is unchanged?, and 3 Note how the spaces are changing 


though: since it takes values in 

. the space of m x n matrices, the 
real functions. differential 2 +> Df(x) is in fact a 
mapping of R” — R™*”, 


in fact for m = n = 1 it coincides with the one you gave for 


4. (Metric and topological spaces) A map f : X — Y between 
topological spaces is continuous if preimages of open sets 
under f are open. More explicitly, f is continuous if for ev- 
ery open set Oc Y, f-!(O) c X is an open set. 





lf X and Y are metric spaces, then this reduces to the defi- 
nition given above. But how can we make sense of differen- 
tiability in this case? 

If you have taken a course on calculus of variations, you 
Know that you can make sense of (1.1) and give a notion of 
differentiability in the case X and Y are Banach spaces* 
general, a topological space is not a vector space: there is 
no notion of adding points and, least of all, one of linearity. 


. In 4 Complete normed vector spaces. 


This is where differential geometry comes into play. The 

rest of this chapter will be devoted to the introduction of 

smooth manifolds, which are a class of topological spaces on 

which it is possioble to make sense of the notion of differentiation— 

even though they are not necessarily vector spaces—and 

which allows us to reason in a way that will not depend on the 

way we define coordinates on them. 
We will do this in two stages. First we will introduce topological 

manifolds, which are topological spaces that locally look like 

euclidean spaces. Then we will endow topological manifolds 

with a so-called smooth structure. This will allow us to define 

differentiability and smooth manifolds>. > These will just be topological 
Without further ado, let’s get started. Pratt als eithie Sta SEn SERMerUte: 














1.1 Topological manifolds 


Since to speak of continuity we need topological spaces, 
it may be a good idea to remind you what they are and set 

some notation. | will be very brief: if you need a more exten- 
sive reminder, you can refer to Appendix A of either [Tu11] 

or [Lee13]. 


Definition 1.1.1. Let X be some set and 7 a set of subsets of 


X. A pair (X,T) is a topological space® if Sin such case the elements O « T 
of 7 are all subsets of X called 
open subsets and 7 is a topology 
on X. 








(i) X and @ are open,i.e., XE 7 and WeT; 
(ii) arbitrary unions of families of open subsets are open; 
(iii) the intersection of finitely many’ open subsets is open. 
0 


With topological spaces at hand, we can give a definition of 
continuity and introduce a way to compare topological spaces. 


Definition 1.1.2. A map f : X — Y between two topological 
spaces (X,7) and (Y,U/) is called: 


* continuous if U ¢ U implies that f~'(U) € 7, that is, preim- 
ages of open sets under f are open; 


* homeomorphism if it is bijective® and continuous with contin- 





uous inverse. 


Definition 1.1.3. A topological space (X,7) is Hausdorff if 
every two distinct points admit disjoint open neighbourhoods. 
That is, for every pair x 4 y of points in X, there exist open 
subsets U,,U, € 7 such that xe Uz, ye Uy andU, nU,=@. 


Topological spaces are extremely general, as such they may 
have very inconvenient—someone may say nasty—properties. 
You can see this for yourself with the following exercise. 


Exercise 1.1.4. * Let X be an arbitrary set. Show that 7 := 
{@,X} defines a topology on X, called the trivial topology. 
Show that on (X,7) any sequence in X converges to every 
point of X, and every map from a topological space into X 
is continuous. 





* Let X be an arbitrary set. Show that 7 := P(X) :={A| Ac 
X}, the powerset of X, defines a topology on X, called the 
discrete topology in which every map f : X — Y to some 
other arbitrary topological space (Y,2/) is continuous. 





* 


Hausdorff spaces are still rather general: in particular, any 
metric space with the metric topology? is Hausdorff. 


Definition 1.1.5. A topological space (X,7) is second countable 
if there exists a countable set B Cc J such that any open set 

can be written as a union of sets in B. In such case, BG is called 
a (countable) basis for the topology 7. % 





Exercise 1.1.6 (Euclidean space R”). Let’s consider on Rk” the 
metric topology?® induced by the euclidean metric d: R"xR" > 
(0, +00), d(x, y) := 1/3;_, (a? — y*)?. Show that the topological 
space defined on kk” is Hausdorff and second countable. * 
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7lt is equivalent to require the inter- 
section of any two open subsets to 
be open. (Why?) 


8 1.e., a one to one correspondence. 
Formally it means that it is both 
injective and surjective. 

The existence of a homeomorphism 
between two spaces can be thought 
as those spaces being equivalent 

in a loose sense: they can be de- 
formed continuously into each 
other. 


° Recall that in a metric space X 
the metric topology is defined in 
the following way: aset U c X 

is called open if for any « e U 
there exists « > 0 such that U fully 
contains the ball of radius « around 
Le 


1° See comment above. 
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Definition 1.1.7 (Topological manifold). A topological space!+ 
M is a topological manifold of dimension n, or topological n- 
manifold, if it has the following properties: 





(i) M is a Hausdorff space; 
(ii) MZ is second countable; 


(iii) M is Locally euclidean of dimension n, that is+*, for any 
point pe M there exist an open subset U cC M with pe U, 
and open subset V c R” and a homeomorphism yp: U — V. 


0 





Notation 1.1.8. Reusing the notation of the definition above, 


4 From now on, if we say that X is 
a topological space we are implying 
that there is a topology 7 defined 


on X. 

Note that the finite dimensionality 
is a somewhat artificial restric- 
tion: manifolds can be infinitely 
dimensional [Lan99]. For example, 
the space of continuous functions 
between manifolds is a so-called 
infinite-dimensional Banach manifold. 
In words, any point pe M has a 
neighbourhood that is homeomor- 
phic to an open subset of R”. 


we Call (coordinate) chart the pair (U,y) of a coordinate neighbourhood 








U and an associated coordinate map}? y : U > V onto an open 
subset V = y(U) C k” of Rk”. Furthermore, we say that a chart 
is centred at pe U if y(p) = 0. 0) 








“xe (Pp) 








X= Y= OP) Op) 


Don’t get scared by conditions (i) and (ii) in the definition of 
topological manifolds: they are only needed to make sure that 
there are not too few open sets (Hausdorff) and not too many 
(second countable). 


Example 1.1.9. With our definition, a countable collections of 

points with the discrete topology is a 0-dimensional topological 
manifold. An uncountable collection of points with the discrete 
topology, however, is not! % 


Example 1.1.10. R” is trivially1+ a topological manifold of 
dimension n. More generally, any n-dimensional vector space? 
is a topological n-manifold. % 


5 


Exercise 1.1.11 (The line with two origins). Even though k” with 
the euclidean topology is Hausdorff, being Hausdorff does not 
follow from being Locally euclidean. A famous counterexample 
is the following?®. 

Let A,, Ap be two points not on the real line R and define 
M := (R\{0}) u {Aj, Ag}. Induce a topology on M by taking 


13 Or coordinate system. 


Figure 1.1: Being locally euclidean 
allows to define coordinates on 
the manifold, that is, a mapping 
between the manifold and the 
euclidean space. 


“Use Exercise 1.1.6 and the global 
chart (R”,idpn), where idpn (x) := x 
is the identity on R”. 

In fact, any open subset of a 
n-dimensional vector space. 


16 See also [Lee13, Problem 1-1] and 
[Tull, Problem 5.1]. 
An 


R_ a R, 


Figure 1.2: A locally euclidean space 
which is not Hausdorff. 


as basis the collection of all open intervals in R that do not 
contain 0, along with all the sets of the form (—a,0) uv {Ai} U 
(0,a) and (—a,0) vu {Ag} u (0,4), for a> 0. 


1. Check that this forms a basis?’ for a topology on M. 


2. Define the two charts 


x ife#A; : 
Pj: (R\{0}) v {Aj} >R, pj (x) = ; . » p= 1,2: 
0 if x= A; 


Show that y, and yz are homeomorphisms with respect to 
the aforementioned topology. 


3. Show that M is locally euclidean and second countable but 
not Hausdorff. 


* 


Example 1.1.12. The closed unit ball D,(0), where similarly as 
before 





D,(a) := {ze R” | d(z,x) <r}, 


is not a topological manifold of dimension n. Can you see 
why? In fact, this is an example of a more general concept 


of manifold with boundary that we will introduce later in Chap- 
ter 1.5. 0 





Example 1.1.13. Consider the set M := {xe R? | |a!| = |x?]} 
with the topology induced by R?: this is not a topological man- 
ifold. Since the number of connected components is invariant 
under homeomorphisms, open connected neighbourhoods of 
(0,0) € M cannot be?® homeomorphically mapped to open 


connected sets in k. © 


There is still an elephant in the room in need of a com- 
ment. In our definition of topological manifolds, we are taking 
for granted that the dimension of the manifold is well-defined, 
that is, if we have two different charts, y; : U — R” and 

y2 : U > R™, then necessarily m = n. Luckily this is true?! 
The result is called Invariance Domain Theorem and, since its 
proof requires advanced concepts of topology, we will not 


pursue it further in the course2?, 





1.2 Differentiable manifolds 


Before entering into the details of new definitions, let’s recall 
what will be the most important tools throughout the rest of 
the course. 


Definition 1.2.1. A map f : U — V between open sets U c k” 
and V c R™ is in C’(U,V) or of class C’, if it is continuously 
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7 That is, the basis elements cover 
M and for any Bj, Bz on the basis, 
for all x € J = By A Bo, there is an 
element B3 of the basis such that 
ae B3 and Bs cl. 


18 A drawing of M is worth more 
than a hundred words. 


19 There is a caveat, the theorem 
holds for connected components 

of a manifold. If you consider two 
distinct connected components, 

you can indeed have different 
dimensions for each of them. 

20 We will sketch, however, an 
alternative argument based on coho- 
mology invariance in Remark 7.7.16. 
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differentiable r-times. It is called a C’-diffeomorphism?? if it 21 With this definition a homeomor- 
is bijective and of class C” with inverse of class CO”. We say phism is a C°-diffeomor phism 
that f is smooth, or of class C™, if it is of class C” for every 

r>1. © 





Theorem 1.2.2 (Chain rule). Let U c R° and V c R* be open 
sets and f : U > R*,g : V > R™ two continuously differ- 

entiable functions such that f(U) < V. Then, the following 
holds. 


(i) The functiongo f : U c k” — kR™ is continuously 
differentiable and its total derivative (1.2) at a point 
xeéeU is given by 


D(go f)(@) = (Dg)(F(@)) o DF(@). 


(ii) Denote x = (z',...,2") € R® and y = (y',...,y*) € R*® 
the coordinates on the respective euclidean spaces and 
f =(f?,...,f*) and g = (g',...,g™) the components of 
the functions. Then the partial derivatives of go f are 














given by24 22 Using Einstein’s notation, this 
: k : could be written as 
Og of 0g" of" a(qi i r 
—(xr) = x -(x), l<i<m,1l<jg<n. (go f) eg of 
Ag7 (2) du ayh (f(@)) 55) j Far) = Spr FO) 555 


Theorem 1.2.2 has some very deep consequences. 


Exercise 1.2.3. Under the hypotheses of the previous theorem, 
prove the following statements. 


1. composition preserves the regularity: that is, the compo- 
sition of functions of class C” is itself a function of class 
C": 

2. if f:U CR” ~V CR” is a diffeomorphism, then n =m. 


Hint: is Df(ax) an invertible matrix? If so, what is its inverse? axe 


Since differentiability is a local property and topological 
manifolds are locally like euclidean spaces, it seems reason- 
able to expect that we can lift the definitions directly from k” 
using the charts to obtain functions between euclidean spaces: 
for example, if we are given a continuous map between two 
topological manifolds, we can locally view it as a continuous 
map between two euclidean spaces. Generalizing this further, 
we could conceivably say that our original map is differen- 
tiable if the local map is. 





As usual, the devil is in the details: a topological mani- 
fold is only homeomorphic to a euclidean space, and a differ- 
ent choice of homeomorphism might affect whether the local 
map is differentiable or not. We need to take extra care to 
ensure that these lifted definitions keep making sense when 
we use different charts that overlap. 

The solution is to introduce a little more structure to the 
problem. 


Definition 1.2.4. We say that two charts (U;,1) and (U2, y2) on 
a topological manifold M are compatible if either Uj; nU2= 2 
or if the transition map? 


p10 pz" : pa(U1 0 U2) > G1 (U1 2 U2) 


is a smooth diffeomorphism. © 
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23 Both the composition maps 

y1 © 5° and y2 0 Yi are called 
transition maps. Both maps are 
necessarily homeomorphisms since 
yi and yo are. 








With these at hand, let’s jump into the definition of smooth 
manifolds. 


Definition 1.2.5. A smooth atlas is a collection 
A= {Ya : Ua > Va | ae A} 


of pairwise compatible charts that cover?* M. 

Two smooth atlases are equivalent if their union is also 
a smooth atlas. That is if any two charts in the atlases are 
compatible. © 


Exercise 1.2.6. Show that the equivalence of atlases is really 
an equivalence relation. * 


Definition 1.2.7. A differentiable structure, or more precisely a 
smooth structure, on a topological manifold is an equivalence 
class of smooth atlases. © 








Notation 1.2.8. By a chart (U,y) about pin a manifold M we 
mean a chart in the differentiable structure of M such that 
peu. 0) 





d, (vu, nU2) 


Figure 1.3: Charts are compatible if 
they coincide on the intersections 
of their coordinate neighbourhoods. 


241.e. such that M = UgeAaUa. One 
calls the set {Uq | a€ A}, covering 
M with open sets, an open cover of 
M. Here A is some index set, not 
necessarily countable. 


The union of all atlases in a dif- 
ferentiable structure is the unique 
maximal atlas in the equivalence 
class. There is a one-to-one corre- 
spondence between differentiable 
structures and maximal differen- 
tiable atlases [Lee13, Proposition 
1.17]: for convenience and to lighten 
the notation, from now on, we will 
always regard a differentiable struc- 
ture as a differentiable maximal 
atlas without further comments. 
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Definition 1.2.9. A smooth manifold of dimension n is a pair 
(M, A) of a topological n-manifold 1 and a smooth structure A 
on M. » 





In colloquial language, a differentiable manifold is just a 
space covered by charts with differentiable transition maps. 
Note that not all topological manifolds can be made into 
smooth manifolds, but counterexamples are hard to construct 
and you need at least to go to dimension 4 (more on this on 
Remark 1.3.20). 


Notation 1.2.10. Whenever possible we will omit the differ- 
entiable structure A from the notation and just write MW. We 
may write /” when we want to emphasize that the dimension 
of M is n. © 


Exercise 1.2.11. Show that on a second countable differentiable 


manifold it is always possible to find a countable atlas. * 


Exercise 1.2.12. R” with the standard smooth structure A = 
{(R”, idpn)} is trivially a smooth manifold of dimension n. In 
fact, any open subset U c kk” can be made into a smooth 
manifold in a natural way with the atlas A = (U,idp» |v). 

In the same way, show that any open subset U of a smooth 
manifold M is a smooth manifold. Which atlas would you 
choose? 

More generally, if V is any n-dimensional real vector space, 
then the standard smooth structure on V is the one induced by 
the smooth atlas consisting of a single chart (V,T7) where T : 
V — k” is some linear isomorphism. Why is this independent of 
the choice of the isomorphism T? 

This fact has a very interesting consequence. The space 
Mat(n, R) of real n x n-matrices can be identified with R”’ by 
writing the elements of the matrix as a n?-vector. This gives 
to Mat(n,R) a structure of differentiable manifold. The subset 
of invertible matrices GL(n) := GL(n,R) = {A € Mat(n,R) | 
det A # 0}, widely known as the general linear group, being 
an open subset of Mat(n,R) (why?) is itself a differentiable 





manifold. Is such manifold connected? Why? axe 


Notation 1.2.13. We will stick to the notation of [Tull]. In the 
context of manifolds, denote r’? : R® — R,1 <i <n, the 
standard coordinates on R”. With this notation, if e; denotes 
the ith standard basis vector?° in R”, then r‘(e;) = di. 

If (U,p : U > R”) is a chart of a manifold, then 2’ = r'o yp 


will denote the i-th component of » and denote » = (z!,...,x”) 
and, when convenient, (U,y) = (U,z',...,a”) (see also Fig- 
ure 1.1). 


Thus, for p € U, (x'(p),...,2"(p)) is a point?® in R”. The 
functions z!,...,2” are called (Local) coordinates on U. » 





An advantage of this new notation is that we can talk about 


There are no preferred coordinate 
charts on a manifold: all coordinate 
systems compatible with the dif- 
ferentiable structure are on equal 
footing. 


5 Identified with the point 

(Oj..-2.0, 1 ,0,...,0) € 
ith component 

R”. 

The Kronecker delta 6 is defined 

by 6% = lifi = j and d% = 0 

otherwise. 

26 By abuse of notation we some- 

times omit the p. Thus (a!,...,2”) 

can stand either for local coordi- 

nates or a point in R”: which one it 

is should be clear from the context. 


coordinates without the need to explicitly reference charts. In 
other words, we can say 


Let pe M and choose local coordinates (x',...,2”) about p... 


or even 
Let x =(a',...,2")€ M bea point in M... 
dropping the distinction between p and z, both in place of 


Let pe M and (U,y) a chart defined on a neighbourhood U of p. 
Let z’ = r’ oy denote the components of y with respect to the 
standard euclidean coordinates... 


Example 1.2.14. The unit circle 
S!:={reR* | |al=icR 


with the relative topology?’ is a 1-dimensional topological man- 
ifold. To provide the local homeomorphisms to R and define 

a smooth structure for S! it is enough to define the following 
four charts: 


Vi := {zt >0}, gi:W—>(-1,1), vile) := 27, 
Vo = {a> <0}, g2:Vea—>(-1,1), ole) = 2”, 
Wels, e:4oChy), alee 
Va = {a7 <0}, ya: Va >(-1,1), a(x) := 2’. 


What do these charts look like? © 


Exercise 1.2.15. In the previous example, show that the corre- 
sponding transition functions are smooth. * 


Exercise 1.2.16. Let {(Ua,Y%a)} be the maximal atlas on a 
manifold M. For any open set U € M and any point p € U, 
prove the existence of a coordinate open set U, such that 
peu, cu. * 


Exercise 1.2.17. Let f : R” — R™ be a smooth map. Show that 
its graph 
Ty = {(x, f(x)) | ce R"}oOR™™ 


is a smooth manifold of dimension n. * 


Example 1.2.18. The definition of smooth manifold does not 
require M to be embedded into some ambient space as in the 
examples above. In fact, we can define the differentiable mani- 
fold S! by equipping the topological quotient space?® R/Z with 
the two charts 


gi: R/Z\{(0]} > (0,1) and v2: R/Z\{[5]} > (-3, 9) 


which map [2] € R/Z to its representation in (0,1) or [—4, 5) re- 


spectively. The manifold obtained in this way is diffeomorphic 
to the one defined in Example 1.2.14. % 
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27Let (X,7) be a topological space 


and Y c X. The relative topology 
on Y is 


Vi={VcY | WET st. V=UNY}. 


28 There is a standard way to induce 
a topology on a quotient space. 

Let M be a topological space and 
a: M —N surjective. The quotient 
topology on N is given by defining 
U c N to be open if and only if 

its preimage 7~1(U) < M is open. 
If ~ is an equivalence relation on 
M, the quotient space M/ ~ is 

the set of equivalence classes 

[lp] := {q € M | p ~ q} and the 
projection 7: M — M/~, x(p) = [p], 
is a surjective map. Then U € M/~ 
is open if Ujpjev[p] © M is open. 
Here R/Z denotes the quotient 
space R/ ~ where the equivalence 
relation is induced by the canonical 
group action of Z on R, that is, 

x ~ y if and only if «— ye Z. This 
means that [7] = {ce +k | ke Z} 
and each interval [xo, zo + 1) of 
length 1 contains exactly one 
representative per class. Note that 
we are talking about topological 
spaces: the quotient, in general, 
does not preserve the Hausdorff 
property or second countability. 
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Example 1.2.19 (Product manifolds). Given two manifolds 
(M,,.A1) and (M2, Az), we can define the product manifold 

M, x Mp by equipping M, x Mz with the product topology?? 
and covering the space with the atlas {(U, x Uo,(y1,%2)) | 
(U1, 91) € Ax, (U2, yo) € Ad}. © 


Note that smooth manifolds do not yet have a metric struc- 
ture: distances between the points are not defined. However, 
they are metrizable?9: there exists some metric on the man- 
ifold that induces the given topology on it. This allows to 
always view manifolds as metric spaces. 

Instead of always constructing a topological manifold and 
then specify a smooth structure, it is often convenient to com- 
bine these steps into a single construction. This is especially 
useful when the initial set is not equipped with a topology. In 
this respect, the following lemma provides a welcome short- 
cut: in brief it says that given a set with suitable “charts” that 
overlap smoothly, we can use those to define both a topology 
and a smooth structure on the set. 





Lemma 1.2.20 (Smooth manifold lemma). Let WM bea set. As- 
sume that we are given a collection {U, | a € A} of subsets 
of M together with bijections yy : Uj > y(Ua) © R", where 
y(Uq) is an open subset of R". Assume in addition that the 

following hold: 


(i) For eacha,Be A, the sets ya(Ug mn Ug) and yg(Ua om Uz) 
are open in Rk”. 


(ii) If UynUg # @, the map pgoyy' : Pa(UanUs) > pg(UarUs) 


is smooth. 
(iii) Countably many of the sets U, cover M. 


(iv) If pA qare points in M, either there exists a@ such that 
p,q € U, or there exist a,8 with U. 1 Ug = @ such that 
peu, and qe Uz. 


Then M has a unique smooth manifold structure such that 
each (U,, a) is a smooth chart. 


Exercise 1.2.21. Prove Lemma 1.2.20. 


Hint: declare all the ya to be homeomorphisms and use the 


hypotheses to check the definition of a smooth manifold. * 


Example 1.2.22. Lemma 1.2.20 simplifies life a lot. Consider 
the product manifolds from Example 1.2.19. Since both M and 
N are smooth manifolds, the product manifold is a (m+ n)- 
dimensional smooth manifold with the atlas introduced in the 
example. 
The proof of this fact is trivial in the sense that each of the 

maps in the atlas satisfies all the properties of the lemma by 
construction, after all they are already part of the differen- 


tiable structure of a smooth manifold. © 


22 Open sets in the product are 
products of open sets from the 
respective topological spaces. 


3° In fact, all the topological mani- 
folds are metrizable. This property 
is far more general and harder to 
prove [Mun0O, Theorem 34.1 and Ex- 
ercise 1 of Chapter 4.36] or [nLa20]. 
Note that not all topological spaces 
are metrizable, for example a space 
with more than one point endowed 
with the discrete topology is not. 
And even if a topological space is 
metrizable, the metric will be far 
from unique: for example, propor- 
tional metrics generate the same 
collection of open sets. 


Exercise 1.2.23. Prove that the n-dimensional torus 


T? :=S! x... x Sto R™” 
oe “—qwY 


n times 


is a smooth manifold of dimension n. *” 


1.2.1 Quotient manifolds 


If Mis a topological space and ~ an equivalence relation we 
have seen that it is sometimes possible to define smooth man- 
ifolds. Since in general the quotient does not behave nicely 
it is convenient to get a few tricks to check if the manifold 
structure can be preserved. 

In this case it is convenient to have some tools to check 
continuity of functions. 


Proposition 1.2.24. Assume F' : X — Y is a map between 
topological spaces and ~ is an equivalence relation on X. 
Let F be constant on each equivalence class [p] ¢ X/~, and 
denote F': X/~—Y, F((p]) := F(p) for pe X, the map induced 
by Fon the quotient. 

Then, F is continuous if and only if F is continuous. 


Continuity of the projection z : WM — M/ ~ implies that 
if M/ ~ is Hausdorff, then r~1(7(s)) = [s] is closed in M. If, 
additionally, 7 is open?+ then there is a stronger statement: 


Theorem 1.2.25. If M is a topological space and ~ an equiva- 
lence relation such that 7: M — M/~ is open, then: 


* mq maps a basis for the topology of M into a basis for the 
topology M/~, thus if M is second countable, then M/~ is 
second countable; 


* the quotient space M/ ~ is Hausdorff if and only if the 
graph R of ~, i.e., the set 


R:={(a,y)eMxM|arn~y}, 
is closed in M x M. 


In general, however, the class of quotient space is too large 
to admit a good general theory of smooth manifolds. Yet, 
there is a family of manifolds that has undergone lots of re- 
search and on which a lot can be said: smooth manifolds with 
certain smooth Lie group actions. Treating this will be far too 
much for the course, but we will provide along the way most 
of the necessary ingredients for you to be able to explore 
the topic on your own. For further reference, you can look 
at [Lee13, Chapter 21]. 

Before moving on, below we are going to look at a couple of 
simpler, notable, examples of quotient manifolds. 
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For a proof refer to [Tull, Proposi- 
tion 7.1] or [Leell, Theorem 3.70]. 


31 That is, it maps open sets to open 
sets. 


These statements are not hard 
to prove, but their proofs will 
be omitted here. You can refer 
to [Tull, Chapters 7.1-7.5]. 
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Example 1.2.26. Let RP” denote the n-dimensional real projec- 
tive space, that is, the space of lines in R"*! passing through 
the origin. This is a notable example of quotient manifold: we 
are going to show that RP” is a smooth manifold of dimension 
Ts 

We can define an equivalence relation on R}t! := R"+1\{0} 
by declaring that for any z,ye RG*! 


c~y => dt#0 such that y =tz, 


that is, two points are equivalent if they lie on the same line 
passing through the origin. Then, the real projective space 
is the quotient space RP” := R/*!/ ~. For the sake of the 
example, Let’s denote the class of equivalence of a point x = 
(2°, ...,a") € R?t? by [x] = [2°,...,2”] and the projection to the 
quotient by 7: Rj*' > RP”. The classes of equivalence [x] are 
called homogeneous coordinates on RP”. 

There is a nice interpretation of this construction in terms 











of flattening spheres. Observe that a line through the origin Figure 1.4: The identification ~’ of 
always intercepts a sphere S” at two antipodal points and, antipodal points maps the sphere 

; ; ; ; ; to a disk. Embedding S”/ ~’ in 
conversely, each pair of antipodal point determines a unique R"+1, one can define a map 7p that 
line through the center. So we can define an equivalence re- projects the representative of [x] in 


F . ips g : , ee the north hemisphere orthogonally 
lation on the sphere by identifying the antipodal points: given to the disk D® = {a € R°t! | 


x,y €S",ax2 ~' y if and only if x = +y. This Leads to the bijec- jz) < 1, a? ++ = 0} (the equator is 
tion RP” ~ S”/~’, Note that by gluing antipodal points, we are MISE P eh E@ ISEE: 

identifying the north and south hemispheres, thus essentially 

flattening the sphere to a disk. 


Exercise 1.2.27. Show that the map n: R7?*! > S”", n(x) = oe 
induces a homeomorphism 7: RP” > S”/~’. 
Hint: find an inverse map and show that both n and its inverse 


are continuous. * 


Let’s first show that RP” is a topological n-manifold. 
The structure of topological manifold follows immediately 
from the Theorem 1.2.25 and z being open, so let’s prove that. 

Let U c Rj", since 7 is continuous by construction, 7(U) is 
open if z~!(7(U)) is open in R?*!. By definition 


m\(n(U)) = J = J | pe U}. 
t40 t40 
Since multiplication by ¢t 4 0 is a homeomorphism of Ret, the 
set tU is open for any ¢, as is their union, RP” is both Haus- 
dorff and second-countable. 
For each i = 0,...,n, define U; := {@ € R@*+ | at ¥ O}, the 
set where the i-th coordinate is not 0, and let U; = 7(U;) c RP”. 
Since U; is open, U; is open. Define 


gi: Ui > R”, 
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e.g. Yo([x°,...,2"]) = (a1/axo,...,2"/a2o). This map is well- 
defined because its value is unchanged by multiplying x by a 
non-zero constant. Moreover, y; is continuous: the inverses 
can be computed explicitly as 


Cae (gre ae) = yr yas PP iar BY a axl | i 


Since {Uo,...,Un} is an open covering of RP”, this shows tht 
RP” is Locally euclidean of dimension n. 


Let’s equip RP” with a smooth structure. We are already 
half-way through: we are going to show that the coordinate 
charts (U;,y;) defined above are, in fact all smoothly compat- 
iole. Without loss of generality, let’s assume i > 7. Then, a 
brief computation shows 


gO ice”) 
y! yool yitl yt 1 yt y” 
ys 22 Se 3 ys ? ys ae Pe ys ? ys b ys + eae: | Ni ? 








which is a diffeomorphism from v;(U; 0 U;) to ~;(U; n U;) since 
z/ #0 onU;. The atlas defined by the collection {(U;,y;)} is 
called standard atlas and makes RP” a smooth manifold. 0) 


Exercise 1.2.28. Show that the real projective space RP” is 


compact. 
Hint: use Exercise 1.2.27. * 
Exercise 1.2.29 (Stereographic projections). Let N denote N 


the north pole (0,...,0,1) ¢ S” c R”*! and let S denote the 
south pole (0,...,0,—1). Define the stereographic projections 
a: S"\{N} > R” by 
1 n 
1 ntl) ._ z z 
OG yee = (ae) 


and a: S"\{S} > R”, o(a) := —o(—2). 











1. For any x € S"\{N}, show that o(a) = u where (u,0) is the 
point of intersection of the line passing through N and x 
with the hyperplane {x"t! = O}. Similarly, show that G(z) 
is the point where the line through S and z intersects the 
same hyperplane. 


2. Show that o is bijective and 


Hu) = ( dul u lw) 


[Jul]? + D0 [eal]? + 1° wll? +1 





3. Compute the transition map Goo! and verify that the atlas 
{(S"\{N},c), (S"\{S},)} defines a smooth structure on S”. 


4. Let n = 1. Show that this smooth structure is the same as 
the one defined in Example 1.2.14. 
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The general definition of C”-manifolds is mostly a mat- 
ter of replacing occurrences of “smooth” in the text 

with C”. The study of these more general structures is 
not dissimilar from what we will see in this course, with 


the exception of analytic and C°-manifolds, but it intro- 
duces an unnecessary extra level of verbosity. In these 
notes we will only deal with smooth manifolds. 





1.3. Smooth maps and differentiability 


With a well-defined differentiable structure and the idea of 
compatible charts, we have all the ingredients to Lift the defi- 
nition of differentiable maps from the euclidean world. 

Before considering the general definition of a differentiable 
map, let’s Look at the simpler example of differentiable func- 
tions f : M@ — R between a smooth manifold M and R. 


Definition 1.3.1. A function f : J — R from a smooth manifold 
M of dimension n to R is smooth, or of class C™, if for any 
smooth chart (v,V) for M the map foy!: o(V) c R" > Ris 
smooth as a euclidean function on the open subset y(V) c R”. 
We denote the space of smooth functions by C'(M). o) 





This, colloquially speaking, means that a function is differen- 
tiable if it is differentiable as a euclidean function through the 
magnifying lens (see Figure 1.3) provided by the charts. 


Exercise 1.3.2. Define the following operations on C”(M). For 
any f,geC%(M), cEeR, 


(f+9)(2) = f(a) +(x), (f9)(2) = F@)g(a), (cf)(@) = cf (2). 


Then, the space C”(M) endowed with the operations above is 
an algebra? over R. x 


The following theorem can be very convenient when you 
work with smooth functions. 


Proposition 1.3.3. Let MZ be a smooth n-manifold and f: M—> 
R a real-valued function on M. Then, the following are equiv- 
alent: 


(i) feC?(M); 


(ii) M has an atlas A such that for every chart (U,y) € A, 
fog !:R" > Q(U) >R is C®; 


(iii) for every point pe M, there exists a smooth chart (V,w) 
for M such that p € V and the function fow!: R® > 
w(V) > R is C® on the open subset ~(V) Ck”. 


Figure 1.5: A function is differen- 
tiable if it is differentiable as a 
euclidean function through the 
magnifying lens provided by the 
charts. 


321.e. a vector space where you can 
also multiply two elements. 


Exercise 1.3.4. Prove the proposition. 
Hint: go cyclic, for example show (i) = (itz), (2i2) = (dt), (41) > 
(i). * 
At this point, the generalization of smooth functions to 
smooth maps between manifolds should not come as a Sur- 
prise. 


Definition 1.3.5. Let F : M, — My, be a continuous map 77 
between two smooth manifolds of dimension n; and nz respec- 
tively. We say that Fis smooth, or of class C™, if, for any 
chart (y1,Vi) of My and (wo, V2) of Mz, the map 





_ U1 := y1(Vi 0 F71(V2)) c R™ 
y20 Foy,':U, > Up, ’ 
Up := Yo(V2) c R™ 
is smooth as a euclidean function. 
We denote by C'%(M,, M2) the set of all functions F': M, > 
Mz of class C™. 


The map F' := y20Foy;! 


is called the coordinate representation 





of F with respect to the given coordinates. ©) 





For a very simple and familiar example, consider the real 
valued function f(z,y) = x? + y? defined on R?. In polar co- 
ordinates on U = {(z,y) € R? | x > O}, f has the coordinate 
representation fp, 0) = p*. Very often, where there is no ambi- 
guity, we will simply identify f and ; and just write 

in the Local coordinates (p,@) on U, f(p,0) = p’. 

A first observation about our definition of smooth maps is 
that, as one would hope, smoothness implies continuity. 
Exercise 1.3.6. Show that every smooth map is continuous. +* 


Exercise 1.3.7. Prove the following propositions, aiding your 
reasoning by drawing the relevant figures or commutative 
diagrams. 
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33Remember: continuity is not 
a problem since M, and Mo are 
topological spaces. 


Differently from your calculus 
classes, we are defining differen- 
tiability before we define what the 
derivative is. Getting to it will re- 
quire some amount of work, and will 
have to wait until the next chapter. 





Figure 1.6: Maps are differentiable 
when they are differentiable as 
maps between euclidean spaces. 
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Proposition 1.3.8. Let MW be a smooth manifold of dimension n. 
Then F': M — k™ is smooth iff for all smooth charts (U,) of 
M, the function Foy !: y(U) + R™ is smooth. 


Proposition 1.3.9. Let M be a smooth manifold of dimension n. 
Then F': R™ — M is smooth iff for all smooth charts (U,») of 
M, the function go F: F~'(U) > R® is smooth. 


Proposition 1.3.10. Let M,N, P be three smooth manifolds, 
and suppose that F: M— N andG: N > Pare smooth. Then 
GoFeC”(M,P). 


Proposition 1.3.11 (Smoothness is a local property). Let F : 
M — N bea continuous function and let {U;}icr be an open 
cover for M. Then F 
F:M—N is smooth. 





u, : U; — N is smooth for everyze I iff 


* 


It can be useful to know that there are alternative ways to 
characterize smooth functions. 


Exercise 1.3.12 (Equivalent definitions of smoothness). Let MM, 
and Ms be smooth manifolds. Show that a map F’: M; — Mp is 
smooth if and only if either of the following conditions holds: 


1. for every p € Mj, there are smooth charts (Vi, ¢1), pe Vi, 
and (Vo, ¢1), F(p) € V2, such that F(V,) © Vo and d20 Fog," 
is smooth from ¢1(Vi) to ¢2(V2); 


2. F is continuous and there exists two smooth atlases {(V!,¢1)} 
and {(V3,3)}, respectively for M, and Mz, such that for 
each a and 6, 63 0 Fo (¢))~* is a smooth maph from 43(V. 9 
F(VZ)) to 63(VZ). 


* 


Definition 1.3.13. A diffeomorphism F' between two smooth 
manifolds M, and Mz is a bijective map such that F ¢ C®(M,, M2) 
and F-! € C®(Mpz, M,). Two smooth manifolds M, and M 

are called diffeomorphic if there exists a diffeomorphism 

F: M, — M2 between them. © 





Exercise 1.3.14. Any chart (V,~) of a manifold M is a diffeo- 
morphism between the manifolds V c M and y(V) ck”. * 


Exercise 1.3.15. Prove that R?\{(0,0)} is a two-dimensional 
manifold and construct a diffeomorphism from this manifold to 
the circular cylinder 


C :={(z,y,2)€ R? | a +y? =1} CR. 


* 


The following corollary is just a restatement of Proposi- 
tion 1.3.11, but provides a useful perspective on the construc- 
tion of smooth maps. 
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Proposition 1.3.16 (Gluing lemma for smooth maps). Let M 
and N be two smooth manifolds and let {U, | a € A} be an 
open cover of M. Suppose that for each aeé A we are given 
a smooth map fF: Uy — N such that the maps agree on the 
overlaps: Fylu,au, = Falu.au, for all a, € A. Then there 
exists a unique smooth map F': M > N such that Fly, = Fo 
for each ac A. 


In other words, if you can define a map in a neighbourhood 
of each point in such a way that the locally defined maps all 
agree where they overlap, then the Local definitions piece 
together to yield a global smooth map. We will use this con- 
struction repeatedly throughout the course. Sometimes, how- 
ever, the local definitions are not guaranteed to agree. In this 
case one usually has to resort to a different tool: partitions 
of unity. These allow to surgically patch objects together and 
make sure that they still have the required properties. In the 
next section we will look more deeply into this. 


From now on, when we write manifold, chart, atlas, etc. 


we always mean smooth manifold, smooth chart, smooth 
atlas, etc.. 





The notion of smoothness ona smooth manifold is essen- 
tially tied to the underlying smooth structure: it makes no 
sense to talk about smooth functions if there is no smooth 
atlas to specify what smoothness means. 
This is a subtle but fundamental point. The charts them- 
selves, at first, are mere homeomorphisms. The choice of a 
smooth atlas, ensures that we only select a family of charts 
whose transition maps, as euclidean functions, are smooth. 
Since smoothness is defined via the composition with charts 
from the atlas, this also implies that the charts themselves 
become diffeomorphisms*+. The following exervises and exam- 34 Why? Try to spell out all the 
ples build upon this remark to give you some example of this, Getalts 
and why it may seem counterintuitive. 


Example 1.3.17 (A different smooth structure on k). Consider 
the homeomorphism w : R > R, w(x) = x3. The atlas consist- 
ing of the global chart (R, 7) defines a smooth structure on 
Rk. This chart is not smoothly compatible with the standard 
smooth structure on R since idpg ow '(y) = y'/3 is not smooth 
at y = 0. Therefore, the smooth structure defined on R by w 
is different from the standard one. You can adapt this idea 
to construct many different smooth structures on topologi- 
cal manifolds provided that they at least have one smooth 
structure. % 
What is often even more puzzling, at least as a first sight, 
is that incompatible smooth atlases can actually be diffeomor- 
phic. 
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Exercise 1.3.18. Show that the smooth manifolds (R, {(R,idp)}) 
and (R, {(R,w)}), defined using the smooth structures from the 
previous example, are diffeomorphic. * 


Exercise 1.3.19. For r > 0, let ¢, : R— R be the map given by 


t, if t<0, 


oy (t) = ; 
rt, ift>0. 
Let A, denote the maximal atlas on R containing the chart 


(R, br). 


1. Show that the differentiable structures on R defined by A, 
and A,, 0 < r < s, are different. This shows that there are 
uncountably many families of different differential struc- 
tures on R. 


2. Let M, be the manifold R equipped with the atlas A,. Show 
that M,. and M, are diffeomorphic for r,s > 0. 


x 


Remark 1.3.20. There exist examples of topological manifolds 
without smooth structures? but you need to reach for objects 
of dimension n > 4. All smooth manifolds of dimension n < 4 
have exactly one smooth structure (up to diffeomorphisms) 
while ones of dimension n > 4 have finitely many?°. The case 
n = 4 is unknown: if you prove that there is only one smooth 
structure, you will have shown the smooth Poincaré conjecture 
[Cal18; Har21]. 0 


As a final exercise, we are going to relate smoothness of 
the maps with the smoothness of their components, which can 
be especially useful when working in coordinates. 


Exercise 1.3.21. Let F : M™ — N” be a continuous map be- 
tween two manifolds. Then the following are equivalent: 


1. F is smooth; 


2. N has an atlas A such that for all the charts (V,w) = 
(V,y,...,y”) € A, the components y’o F : F-1(V) > R 
of F’ relative to the chart are all smooth; 


3. for every chat (V,w) = (V,y',...,y”) on N, the components 
y'oF:F1(V) >R of F relative to the chart are all smooth. 


Note that this, in particular, holds for N =k”. axe 


1.4 Partitions of unity 


35 A nice and super compact com- 
ment pointing to the relevant 
reference is in [Fal]. 


36 A beautiful example of this is 
the 7-sphere S’ which is known to 
have 28 non-diffeomorphic smooth 
structures. 


Recall Notation 1.2.13 


Cutoff functions are a class of smooth functions that will 
be of crucial importance throughout the course, and whose 
existence cannot be given for granted. Since their definition 
and construction does not require more than what we have 
just seen, let’s talk about them now. 

First of all, recall that the support of a smooth function 
f:M—R, denoted by supp(f), is defined as 





supp(f):= {pe M | f(p) 4 0}. 


We will introduce those functions with a proposition, and 
will spend the rest of this chapter proving it. 


IN 


Xx 
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Proposition 1.4.1 (Cutoff functions). Let MZ be a smooth man- 
ifold and K CU Cc M two subsets such that K is closed and 
U is open. Then, there exists a smooth function xy: M— Rk, 
called cutoff function, with the following properties 


(i) O< x(p) <1 for all pe M; 
(ii) supp(y) c U; 
(iii) x(p) =1 for all pe K. 


The proof of this proposition involves a general result which 
is quite technical and whose proof will be omitted. You can 
refer to [Leel13; Tull] if you are curious to see the details. 

Instead, we will show a special case of Proposition 1.4.1. 
The main reason is that it involves an explicit construction of 
the cutoff which can be convenient to have at hand later on. 


Lemma 1.4.2 (Cutoff functions, compact case). Let M bea 
smooth manifold and K CU Cc M two subsets such that K is 
compact and U is open. Then, there exists a smooth function 
x: M—R with the following properties 


(i) 0O< x <1 forall pe M; 
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The bar over the set denotes its 
closure. 
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(ii) supp(x) < U; 


(iii) x(p) =1 for all pe K. 


Proof. Part 1. To warm up, let’s do some first year analysis. 
For any pair of real numbers r < R there exists a smooth 
function f : R > [0,1] such that f(t) = 1 fort <r, f(t) =0 for 
t>Rand0 < f(t) <1 for te (r, R). 

We can construct this explicitly by means of the function 


eA. $0; 
h:ROR, h(t) := 
0, t<0. 


Exercise 1.4.3. Prove by induction that fort > 0 andk = 0, 
the kth derivative h\)(t) is of the form po,(1/t)e—!/* for some 
polynomial p2;,(x2) of degree 2k in x. Use this to show that 

he C”(R) and that h“*)(0) = 0 for all k > 0. oa 


The function f that we are seeking is then?’ given by 


‘2 h(R = t) 
P(O) = AR-t)+ht-—r) 





Part 2. Let’s extend f to k”. Denote B, < k” the open ball of 
radius r around the origin. Then, for any 0 < r < R we seek a 
function g : R” — R such that g(x) = 1 for all x € B,, g(x) = 0 
for all z € R"\Br and 0 < g(x) < 1 for all z € Br\B,. This is 
immediately achieved by defining g(x) := f(||z||), where f is the 
function defined in the previous step. 


Part 3. Let’s now pick a point p € M and an arbitrary neigh- 
bourhood U of p. Choosing an appropriate chart about p, the 
previous step implies that we can choose a smaller neighbour- 
hood V < U of p with V c U and such that there exists a 
smooth function x : M — [0,1] satisfying x(p) = 1 for all pe V 
and x(p) = 0 for all pe M\U. 


Part 4. We are ready to complete the proof. For each point 
p € K, choose two neighbourhoods V, < U, such that V, c kK 
and U, < U. Since K is compact, it admits a finite cover 
in terms of these sets: i.e. there are finitely many points 
Pi,---,pn € K such that K c (av For each i, choose 
xi : M — [0,1] as in the previous step: y;(p) = 1 for all pe V,, 
and y;(p) = 0 for all p € M\U,,. The proof is completed by 
defining 
N 
x:=1-[](1- xi(p)). 


i=l 














We are not there yet. To extend this result to our needs 
will need a new tool, which will be useful throughout the 
course and in many courses to come. 


37Exercise: check that such function 
f satisfies all the desired proper- 
ties. 


Definition 1.4.4. Let Mf be a smooth manifold. A partition of 
unity is a collection {p, | a € A} of functions p, : M — R such 
that 





(i) O< pa <1 for all pe M andaeA; 


(ii) the collection {p. | a € A} is locally finite, that is, for any 
p € M there are at most finitely many a € A such that 


p © SUPP(Pa); 


(iii) for all pe M one has >) 24 Pa(p) = 1. 


Remark 1.4.5. Note that the existence of a partition of unity 
is a distinguished feature of differentiable manifolds: stronger 
structures, like analytic or holomorphic ones, in general fail to 


have one. © 


Throughout the course we will be mostly interested in par- 
titions of unity {p, | a €¢ A} which are subordinate to an open 
cover {U, | a € A}, that is, such that supp,(p.) < U, for each 
ae A, 


Theorem 1.4.6. Let M be a smooth manifold. For any open 
cover {U, | a € A} of M, there exists a partition of unity 
{Po | a € A} subordinate to {U, | ae A}. 


With this result at hand, Proposition 1.4.1 can be shown very 
easily. 


Proof of Proposition 1.4.1. Consider the open cover of M given 


by C := {M\K,U}. Then Theorem 1.4.6 implies that there ex- 
ists a partition of unity {py, py} adapted to C. The function 














X := py is our cutoff function. 


1.5 Manifolds with boundary 


The definition of manifolds has a serious limitation, 
even though it is perfectly good to describe curves?® and sur- 
faces?9, it fails to describe many natural objects like a closed 
interval [a,b] € R or the closed disk D,(0) of Example 1.1.12. 
Note that in each of these cases, both the interior and the 
boundary are smooth manifolds and their dimension differ by 
one?®, 

Let’s do a step back and think about topological manifolds: 
since both the closed interval and the closed disk are closed 
sets, we have problems to make them locally euclidean in 
neighbourhoods of their boundaries. Can we modify our Local 
model to resemble something with a boundary? 
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For any p, Yigea Pa(p) is a finite 
sum by ii. Thus, the function de- 
fined by the sum p := ¥) pg is a well 
define smooth function on M. We 
call such sum a locally finite sum. 


We are going to omit the proof of 
this theorem, for its details you 
can refer to [Tull, Proposition 13.6] 
or [Leel3, Theorem 2.23]. 


38E.g. the circle seen in Exam- 
ple 1.2.14. 


39E.g, the 2-spheres S?. 


4° ln the first case the interior (a,b) 
is a 1-manifold and the boundary, 
the set dla,b] = {a,b}, is a 0- 
manifold. In the second case the 
interior of D,(0) is the open unit 
ball, a 2-manifold, and the boundary 
0D (0) is the 1-manifold S!. 
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Of course this is a rhetorical question. We can generalize 
our definition by considering the closed upper half-spaces 





H” = {x = (a',...,27) € R® | x” > 0}, 
with its (n — 1)-dimensional boundary 
GH” ={e= (ot ...,8")e R* |e? =0} 


and the topology inherited by Kk”, as a replacement for our 
local model kk”. 


Definition 1.5.1. A topological space M is a topological manifold 





with boundary of dimension n, or topological n-manifold with 
boundary, if it has the following properties 


(i) M is a Hausdorff space; 
(ii) M is second countable; 


(iii) AZ is locally homeomorphic to H”, any point z e M has 
a neighbourhood that is homeomorphic to a (relatively) 
open*! subset of H”. 





A chart on M is a pair (U,y) consisting of an open set U c 
M and a homeomorphism y:U > y(U) CH”. ?) 


A p 
ee am 





C > 
stad)! — $l0) 


Example 1.5.2. A Mobius strip M is a connected 2-manifold 
with boundary. As a topological space it is the quotient? 

R x [0,1] via the identification (z,y) ~ (a +1,1-—y). The 
projection 7 : [(x,y)] > (cos(27a), sin(27x)) is a continuous 
surjective map to S!. Given x € R, we can choose charts 
[(x,y)] > (e* cos(zy), e” sin(zy)) for x € (a — €,%p + €) and any 
e< 1/2. 0 


We saw in Proposition 2.8.12 that differentiability is a Local 
property, which means that is a property defined on open sets. 
To clarify what it means to have differentiable structures on 
manifolds with boundary, we will thus need to clarify what 
it means for a function defined on H” to be differentiable at 
points on dH”. As it turns out, this is a minor modification of 
our previous definition that stems directly from the definition 
of the induced topology. 





41 Recall that U c H” is relatively 
open, that is open with respect 

to the relative topology, if there 
exist an open set U c R” such that 
U=U00H". 


42 Think of a strip of paper whose 
ends have been glued with a twist. 


Note that 0M is diffeomorphic to 
S!, In fact, this is actually an ex- 
ample of a non-trivial fiber bundle, 
something that will make sense 
only a few chapters from now. In 
this case, M/ is a bundle of intervals 
over a circle. 
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Definition 1.5.3. Let U c H” be a relatively open set. A map f: 
U — k™ is r-times continuously differentiable, or of class C”, if 
there exists an open set U eR" anda map fe or, R™) such 
that U c U and flu = f. The function f is said to be smooth, 
or of class C™, if f is r-times continuously differentiable for 
allr>1. % 





With such definition at hand, one can define compatibil- 
ity, smooth atlases and differentiable structures as in Defini- 
tion 1.2.4, Definition 1.2.5 and Definition 1.2.7 by considering 
charts taking value in H”. 


Exercise 1.5.4. Explicitly state the definitions above in the 


case of manifolds with boundary. x 
Remember that the differentiable 


Definition 1.5.5. A smooth manifold with boundary of dimension structure is an equivalence class of 
nis a pair (M,A) of a topological n-manifold with boundary M aa 

and a smooth differentiable structure A = {(Ua, Ya) | a € A} on 

M. The boundary 0M as defined 


The boundary of M is defined as By (he) Gal Girt tromies tape: 
ee logical boundary as a subset of 


another topological space. For ex- 





f -— -1 
0M := U Ya (Pa(Va) 9 CH”). (1.3) ample the boundary 0S! of the 
acA circle as a manifold is empty, but 
the boundary of the circle S! asa 
0 subset of R? is S! itself. 
Proposition 1.5.6. The boundary 0M is well-defined*?. 43 In the sense that smooth charts 
send boundary pieces to boundary 
Proof. The statement follows if we show that the transition pieces. Note that the definition of 
. . . the boundary holds for topological 
maps send boundary pieces to boundary pieces. To this end, Wianifoidavas-wall. but showind that 
assume that p € M is both an interior and a boundary point, it is well-defined is much more 
that is, there are two charts (U;,¢,) and (Uz, ¢2) such that complicated and will be omitted. 


p € Ui O Ug, both ¢,(U,), d2(U2) C H” relatively open, and 
éi(p) € H”\CH” (an interior chart) while ¢2(p) € 0H” (a bound- 
ary chart). 

It follows that there exists a small open neighbourhood of 
¢1(p) in H” which is also an open set in R”: we just need to 
take a small open ball around ¢)(p) that does not intersect the 
boundary. 

Consider now the transition maps 7;; : ¢;(U; 0 U;) > 
;(U; 0 U;), i # j. These are diffeomorphisms and inverse of 
each other by construction. In particular, by the definition of 
smoothness, they admit (if necessary) an extension to smooth 
maps defined on open subsets of k”. 

Let 7; be the smooth extension of 7); to a set Vo; which 
is open in kk”. On the other hand, since @, is an interior chart, 
there is a euclidean ball B around ¢,(p) contained in ¢1(U; 7 U2) 
in which 7y2 is Smooth in the usual euclidean sense. 

On Bo 721(Vel), 721 0 T12 = T21 0 Tig = id, so the chain rule 
implies that id = D7, 0 Tyg = D7|,,, 0 Dig. In particular, the 
square matrix D112\ 6, (p) is inveritiole and, thus, by the inverse 
function theorem, 712 is an open mapping**. This, then, implies 44 You can refer to [Lee13, Corollary 
that 7,2(B) (here we consider 712 as a map from B to R”) is €.36] to revise this 
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an open subset in R” containing ¢2(p) and contained in $2(U2). 
This, however, is a contradiction since we assumed ¢2(U2) Cc H” 
with ¢2(p) € 0H”, and thus no open ball around ¢2(p) can be 
fully contained in H”. 














In fact, a stronger fact holds. 


Proposition 1.5.7. Any diffeomorphism between smooth n- 
manifolds F: M—N satisfies F(0M) =ON. 


Proof. Let pe 0M. Then by definition there is a smooth chart 
(U,¢) for M, pe U, such that d(U) cC H” and d(p) € OH”. Modulo 
restricting U to the appropriate subset*°, we can find a chart 45 Exercise: how would you do that? 
(F(U),w) for N. 
Now, the coordinate representation 


F:= WoFo¢'!: ¢(U) > W(F(U)) 


is a diffeomorphism between open subsets of either k” or 
H”. Furthermore, (U,F o @) is a smooth chart for M. By the 
previous proposition, F'(¢(U)) c H” with F(4(p)) € CH”, then we 
would have shown that w(F(U)) c H” with w(F(p)) € 0H”, ie. 
F(p)€ ON and, thus, F(0M) c ON. 














Remark 1.5.8. The definition of smooth maps and the proposi- 
tions proven in Section 1.3 all hold also in the case of smooth 
manifolds with boundary. 0) 


Example 1.5.9. Let’s go back to the closed interval M = [a,b] < 
kk. With the atlas 


A = {(a, 0), rr x—a),((a,)], xr>b—x)} 


it is a differentiable 1-manifold with boundary 0M = {a} vu {b} = 
{a,b}. ) 

Let’s go back to our observation at the beginning of this 
section. We started by observing that some objects seemed 
to be the “sum” of a boundary manifold and an interior mani- 
fold. Can we make sense of such observation using our newly 
introduced definition? 


Proposition 1.5.10. Let M bea differentiable n-manifold with 
boundary. Then M := M\0M and 0M inherit the structure of 
manifolds (without boundary) of dimensions dim(M) = n and 
dim(@M) =n-—1. 


Proof. Let A= {(Ua, Ya) | a € A} be an atlas for M. Then 
Ao = { (Uo aA M, paly.axt) |ae A} 


is an atlas for M where none of the charts contain points in 
OH”. 
In a similar vein, an atlas for 0M is given by 


Aa = {(Ua O OM, PalUanaM) | Qe A}, 


where 
YalUanem : (Ua 0M) > dH" ~ R" 











by the proof of Proposition 1.5.6. 





Example 1.5.11. Consider the cone 
C = {p = (p',p*,p*) € R® | (p")* + (p*)? = (*)?, O<p? <U}, 


with boundary 6C = {peC |p? =I}. 
We can describe the cone with the following atlas A = 
{(Ui, vi) | i= 1, 2, 3}: 


© Ui := {peC | p®? < 1} with ¢ = (2!,2”) = gi(p) = (p!,p? + 0), 
thus 





ea) = Cee —1,+/(#1)? + (2? — 1?) . 


* Uz = {peC|1/2 <p? <1, (p',p?) # (0, p?)} with yo defined as 
follows. Let 
2 


1 1 

p p 3 2q 3 
= ~~ — i 
=e) (5.5.0) and (a) (So. °), 





then x = Y2(p) = (a0 W)(p) and y2(U2) = R x [0,1/2) c H?. 


* Us = {peC|1/2< p® <1, (p',p*) # (0,—p*)} and v3 defined 
similarly as in the previous point. 


The boundary is given by 6C = yy'(R x {0}) Uysz'(R x {0}). ?) 


Exercise 1.5.12. Explicitly define y3 from the previous example. 
Why is yi not appearing in eC? * 


Exercise 1.5.13. Let IZ = D,; c R” be the n-dimensional closed 
unit ball from Example 1.1.12. 


1. Show that M is a topological manifold with boundary in 
which each point of ¢M = S"~'! is a boundary point and each 
point in M = {x eR” | |\x|| < 1} is an interior point. 


2. Give a smooth structure to M such that every smooth inte- 
rior chart is a smooth chart for the standard smooth struc- 
ture on M. 


Hint: consider the map moo~! : R” > R” where o : S” — R” is the 
stereographic projection from Exercise 1.2.29 and 7: R'*++  R” is a 


projection that omits one of the first n coordinates. * 


Differentiable manifolds without boundary (cf. Defini- 
tion 1.2.9) can be thought as a special case of differ- 
entiable manifolds with boundary (cf. Definition 1.5.5) 
where the boundary happens to be empty. Therefore, 


with the exception of the beginning of Chapter 2, we 
will no-Longer distinguish the two concepts: from now 
on, a manifold may have or may not have a boundary. 
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Figure 1.7: Compare y with the 
stereographic projections from 
Exercise 1.2.29. Do you notice any 
similarity? 


2 
Tangent bundle 


This is a reminder that, unless differently specified, 
when we write manifold, chart, atlas, etc. we always 


mean smooth manifold with (possibly empty) boundary, 
smooth chart, smooth atlas, etc. 





2.1 Let the fun begin! 


It now remains to define derivatives of functions between 
smooth manifolds. And, since we saw that euclidean spaces 
are manifolds, we must mke sure that our definition coincides 
with the usual one in euclidean spaces. 

At the beginning of the previous chapter, we recalled that 
total derivatives are linear operators. Since topological spaces 
are not necessarily vector spaces, then, we need to devise 
some sort of assignment of vector spaces at points on the 
manifold. In this chapter we will see exactly how to do that: 
we will describe how to associate to each point x € M onan 
n-dimensional smooth manifold M an n-dimensional vector 
space, denoted by 7’,M. Such vector space is called tangent 
space to M at x and, for a manifold embedded into a euclidean 
ambient space, it will coincide with the intuitive understanding 
of a tangent hyperplane to the point on the manifold, see also 
Figure 2.1. 

As we will see, there are various different definitions of tan- 
gent space but, in the end, they all turn out to be equivalent. 
Due to a certain amount of freedom in terms of different “per- 
spectives” leading to different but equivalent definitions, there 
is no unique way of introducing tangent spaces. Just to give 
you an idea, all the following approaches all lead to equivalent 
definitions (see also [Lee13]): 





* equivalence classes of curves through a point; 











“Lo 


Figure 2.1: Tangent space to a point 
of a sphere S? embedded into the 
ambient space R®. 


Bear in mind that this is not the 
whole story. For example, it is 
also possible to “flip” the whole 
construction around, constructing 
first the so-called differentials 
and cotangent spaces, and using 
them to introduce the tangent 
spaces. This is the approach taken 
by [Hit14] and it is at least worth a 
look if you want to see a different 
perspective. 
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* transformation Laws of the components of vectors with 
respect to different charts; 


* generalization of linear approximation into the idea of an 
abstract derivation; 


* derivations in the category of germs of functions. 


In this course we will start by describing derivations on 
the space of germs, the approach which emphasizes the lo- 
cal nature of derivations to its extreme. The equivalence be- 
tween our approach and the one based on charts will be left 
as homework, while we will Look into the equivalence with the 
speed of curves and with derivations together. 


2.2 Directional derivatives in euclidean spaces 


Let’s take a brief detour. Suppose that f:U CR" > Risa 
smooth map defined on an open subset U c k”. In multivari- 
able calculus you have seen that if x ¢ U and ve k”, then the 
vector Df(a)v can be interpreted as the directional derivative+ 
of f: 

Dy tayw = tim FE +) - Fle), 


Then, the partial derivative is obtained as the particular case 





0 _ f(a+te;)— f(x 
Le) := D;f(z) = Df(x)e; = tim ( i ( ) 
Since f = (f!,...,f*) takes values in R*, instead of taking its 


total derivative Df as above, we can also think to the deriva- 
tives of its components. In this case we can use the standard 
euclidean coordinates r,...,r” to isolate the components and 
then derive them,that is, we would be deriving r’o f:R" > R. 


Let’s take it sLow, and compare all these various derivatives 
next to each other. For f: Uc R"” > R* and xe U, we have 


* Df(x), the Jacobian matrix, which is a & x m matrix; 


* D; f(x), the j-th column of the matrix Df(zx), which is an 
element of R* whose components are the derivatives of the 
components of f with respect to the jth coordinate; 


* D(r’o f)(x), a linear function from R” — R corresponding to 
the gradient of the zth component of f, and which one can 
see as the ith row of the matrix Df(z); 





© D;(r* o f)(x) = of" (x), a number in Ik, which corresponds to 


Oni 


the (i,j)th element (Df(x));, of the matrix Df(z). 


Sometimes denoted D, f(z) in- 
stead. 


2 See Notation 1.2.13. 


Dkoo D, (uv oP) &) 








Du" oP) (*) 
DF os 
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This notation using D instead of spelling out the partial 
derivatives, comes with an important advantage. Let’s use it 
to rewrite the chain rule from Proposition 1.2.2(ii): 


k 
fmt _ i ful Using Einstein notation, since J is 
D; (r'ogo f)(x) = x Dilr* 0 g)(F(2)) Dj(r'o F(x), the only index that appears both in 


lower and upper position, D,(riogo 
where 1 < i < m,1 < j < n. As you can see, we do not DG = Pip ease) Dyke o te): 
need to explicitly spell out the derivatives in Local coordinates 
on R” or R* in this new formula. This will prove extremely 


convenient for the development of the theory. 


Exercise 2.2.1. This may look very abstract right now. Define 
some nontrivial function f : R? — R* and compute the 4 
objects described above for that function. x 


2.3 Germs and derivations 


To reach our goal, defining derivations on manifolds, a 
direct extension of partial derivatives is not enough: we will 
need to introduce some more levels of abstraction. 


Definition 2.3.1. Let 17 be a smooth manifold and pe M. Let 
U,V < M be two neighbourhoods of p. We say that two func- 
tions f ¢ C?(U) and g € C™(V) have the same germ at p 

if there exists a neighbourhood W < UV of p such that 

flw = glw- 0) 


Exercise 2.3.2. Make a drawing to clarify the meaning of this 
definition. Try to define three different functions with the 
same germ at some point p and with different germs at some 
other point p’. Make it concrete: pick M = R first and then try 
with M = R?, and choose some specific values for pandp’. * 


Germs define an equivalence relation on the set of smooth 
functions defined on a neighbourhood of a point p: (U, f) ~p 
(V,g) if they have the same germ at p. Then, a germ [f],, 
where (U, f) is one representative for [f],, is an equivalence 
class in the quotient space 


C2(M) := C%(M)/~p. 


Exercise 2.3.3. Show that ~, defined above is an equivalence 
relation in C?(M). * 


For ce R and [f],, [9], germs with representatives (U, f),(V,g), 
we have 


* [flo + [glp is the germ with representative (U 1 V, f+); 


* [flplglp is the germ with representative (U 1 V, fg); 
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* clf]p is the germ with representative (U,cf). 


Therefore, C?(M) is also an algebra over R. 


Exercise 2.3.4. Check that the operations above are well- 
defined. ok 


Germs are the apotheosis of locality: a germ at p has a 
well-defined value at p and nowhere else. This results ina 
map, 

eval, :C>(M)—>R, evalp([f]p) = f(»), 


where (V, f) is any representative of [f],. 
Exercise 2.3.5. Check that the eval, map is well-defined. x 


We can now go back to our discussion of euclidean deriva- 
tions to motivate our definition of tangent vectors. 


Example 2.3.6. Let U < R” open? and f ¢ C*(U). Fora ¢U 2 In what follows, we will think of U 
and v € R” we have seen that Df(x) can be interpreted as a as Boel -anlopen subset or Randa 
. smooth manifold depending on what 
matrix that consumes the vector v to produce a number D(f)v. is most convenient-forus. 
In such interpretation f is fixed and only x and v vary, however 
there is no reason for this restriction. 
Indeed, an alternative interpretation lets also f vary and 


considers the action of differentiation as a map 
UxR"xC*(U)>R, (2,v,f) > Df(x)v. 


And since we are here changing the cards on the table, let us 
consider x and v fixed and instead only let f vary: 


(z,v):C”°(U) SR, (a, v)(f) = Df (a)v. (2.1) 


By the definition (1.1) of the euclidean differential, we know 
that it is a local property: the value Df(x) only depends on 
the value of f in an arbitrarily small neighbourhood of x, that 
is, on the germ of f at x. Thus we can rephrase (2.1) by saying 
that v defines a linear map 





v:CPU)>R, v([fla) = Df (a)v. 


x 


In fact, this is not just a linear map, it also satisfies a derivation 
property, in the sense that 


v([flelgle) = evale([flx)v([gle) + evale([g]e)v([ fle). 


Which, rewritten in a more familiar form, is just a way to 
rewrite the Leioniz rule: 


D(fg)(a)v = f(@) Dg(x)v + g(x) Df (@)w. 


Note that we have now two different interpretations for v: 
it is both a vector in R” and a linear map C2%(U) — R satisfying 
the derivation property. © 


Motivated by Example 2.3.6, we define a tangent vector as a 
derivation on the space of germs. 


Definition 2.3.7. Let 14 a smooth manifold of dimension n and 
let pe M. A tangent vector at pis a linear map 





v:Cy(M)—>R (2.2) 


which is also a derivation, i.e. 


v([flplglp) = evalp([flp)v([glp) + evalp([a]p)u([flp)- 


Since a tangent vector is a linear map from the vector 
space Cr (M) to k, the set of all tangent vectors at a point 
p is itself a vector space* which we denote T,M and call 


tangent space. 0) 


Let’s poke our definition and see if it makes any sense. Do 
these vectors at least satisfy the most elementary properties 
of derivations? For example, is the derivative of constant 
functions actually zero? 


Lemma 2.3.8. Let M74 be a smooth manifold, let U c M be an 
open set containing p and let v € T,M. Denote by |[c], the 
germ of a constant function (U,p+>c). Then v((c],) = 0. 


Proof. Since [c], = c[1]p, by linearity we have v([c],) = cv([1]p). 
Thus, it will be enough to show that v((1],) = 0. Since v is 

a derivation, the algebraic properties of the space of germs 
imply 


(Jp) = opp) = 2 eval, ([1Jp)o(Jp) = 2e([p). 


Thus, v((1],) = 0, concluding the proof. 














As you can see, working with equivalence classes is doable... 
but it is also unnecessarily cumbersome. As we did with at- 
lases, we would like to get it over with. 


Definition 2.3.9. Let MZ be a smooth manifold and p € M. Let 
W Cc M be any neighbourhoods of p, A map w,:C”(W) > R 
is called a derivation of C@(W) at p if it is Linear over R and 
satisfies Leibniz rule 





wp(f9) = f(p)wp(g) + 9(p)wp(f). 


If v ¢ T,M, then we already saw that v naturally defines a 
derivation w, of C”(W) at p for any open neighbourhood W of 
p. In this case 


wp(f) = v([flp)- (2.3) 


Showing that the opposite is also true will require a bit of 
work. 


Proposition 2.3.10. Let Mf be a smooth manifold, pe M and W 
any neighbourhood of p. Then there is a linear isomorphism 
between T,M and the space of derivations of C?(W) at p. 
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Keep always in mind that the value 
v([f]p) only depends on the value 
of f around the point p. 


4 Exercise: why is this true? 


Keep this simple trick in mind, it 
will be useful in the future. 


We are still talking about deriva- 
tions of functions at specific 
points, not to be confused with 
the derivations of the algebra 
C®(W) which we will introdce 
later and will be maps of the kind 
Ce (W) > C(W). 
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Proof. To prove the theorem we need to invert (2.3) and de- 
fine a tangent vector in terms of of a derivation of C”(W) at 
p. We will proceed in three steps. 


Step I. Let w, : C?(W) — R be a derivation at p and suppose 
that f ¢ C%(W) is identically zero on a neighbourhood Wy c W 
of p. We are going to show that w,(f) =0. 
By Proposition 1.4.1, we can find a cutoff function p: M—kR 
such that p(p) = 1 inside Wo and supp(p) c Wo. Consider now 
g=pf:W-—R. Then g is identically zero in the whole W, and 
thus? w,(g) = 0. Using Leibniz rule, the fact that p(p) = 1 and 5 Follows by linearity, exactly as in 
f(p) = 0, we get Lemma 2.3.8 


0 = Wp(9) = Wp(of) = p(p)wp(f) + f(P)wp(p) = wp(f)- 


Step Il. Let [f], ¢ C°(M). We want to show that it is always 

possible to find a representative for [f], with domain W, that 

is, there exists g € C®(W) such that [|g], = [f]p. Let (V, f) be 

any representative of [f],. Since germs are local, if necessary, 

we can shrink V so that V c W. Here comes the tricky bit: we 

need to extend f to a function g defined on W which coincides 

with f in some neighbourhood of p! To this end, choose® 

smaller neighbourhood U of p such that U <c V c W. Again, Manifolds ais lacally Compact Haus: 
ae dorff spaces, which implies that 

Proposition 1.4.1 comes to the rescue. Apply it with kK =U and every point has a neighbourhood 


“un equal’ to V, and consider with compact closure. You can take 
it for granted or have a look at 
e.g. [Leell, Lemma 4.65] or [MunQ0]. 
g: W—R g(q) — pF (4), qeV, 7Meaning the set that we called 
, 0, qe W\V. U in Proposition 1.4.1 is what we 
denoted V here. 


a ® We can do this because topological 


Since gly = f, we have [g], = [f]p, proving the claim. 


Step Ill. We can now complete the proof. Let w, : C?(W) — 

R be a derivation at p. A tangent vector is a linear map v : 
Cr(M) — R, see (2.2), and a derivation. We would like to 
define one in terms of w. Given any [f], ¢ C(W), the previous 
step guarantees that there exists a representative (W, f) for it, 
so we can define 


u([flp) := Wp(f), where (W, f) is any representative of [f]p. 


Such v is a derivation by construction, so if it is well-defined, 
we are done. To this end, assume that there exists a different 
representative (W,g) for [f],. Then, by definition, there exists 
a neighbourhood V c W of p such that fly = gly. By linearity, 
w,(f) — wp(g) = wp(f — g) and, by the first step in the proof, 
wp(f — g) =0. 

The assignment w, +> v inverts (2.3), completing the proof. 














This seemingly innocent proposition, has some very impor- 
tant consequences. 


First of all, from now on we are free to interpret tangent 
vectors in T,M as derivations of C®(W) at p for any® open 
set WC M containing p. As it turns out, this allows us to give 
our first example of tangent vector. 


Example 2.3.11. Let MW be a smooth manifold of dimension n 
and»:U—>VcR” achart onU c M. Let x’ = roy denote 
the local coordinates? of y. For any p € U, we can define a 
derivation of C?(U) at pas 














< : Cc™(U) Rk, 
A] = 4S) = Dro e NeW). 





From now on, it will get more and more convenient to draw 
commutative diagrams to see “how things are moving around”: 


We will soon see that {a 





|l<i< nf forms a basis for 
Pp 
TpM. % 
Secondly, we can immediately state some very useful corol- 
laries. 


Corollary 2.3.12. Let M be a smooth manifold and let Wc M 
be a non-empty open set considered as a smooth manifold. 
Then, for any p¢€ W there is a canonical identification T,W = 
T,M. 

Corollary 2.3.13. Let M be a smooth manifold andpe M. 
Let W © M be an open neighbourhood of p. If f ¢ C”(W) 


is constant in a neighbourhood of p, then v(f) = 0 for all 
veTM. 


With these new tools at hand, we are ready to state and 
prove an important result on the size of the tangent spaces. 
As it turns out, if M is an n-dimensional manifold, TM is a 
finite dimensional vector space, naturally isomorphic to k”. 


Theorem 2.3.14. Let M be a smooth manifold of dimension n 
and pe M. Then T,M is a vector space of dimension n. 


The theorem will follow immediately once we construct a 
basis for T,M. To that end, we need a preliminary result from 
multivariable analysis. 


Lemma 2.3.15. Let U c R", 0 € U, bea star-shaped? open 
set andh e C”(U). Then, there exists n smooth functions 
g,: U >R, 1 <i<n, such that g;(0) = D;h(0) and 


h=h(0)+r'g; 
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® In particular, it is often convenient 
to have W coincide with the do- 
main of a chart or with the whole 
manifold M. 


° See Notation 1.2.13. 


© An open set U c R” contain- 
ing the origin, 0 € U, is called 
star-shaped if U also contains the 
line segment from 0 to x for any 
xeu. 
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where r* are the coordinates introduced in Notation 1.2.13. 


Proof. Fix a point xz = (z',...,2”) € U. Let 7, : [0,1] ~ U denote 
the line segment from 0 to z, parametrized as y,(t) = ta. 
By the chain rule, 


“th 0x) (t) = (D;h(ta)) - £ (ta) = x' D;h(tx). 


The fundamental theorem of calculus then implies 
h(x) — h(0) = (ho Yx)(1) — (ho Yx)(0) 


lg if 
=| elt? We) 4) dt=x [ D,h(ta) dt. 


Since x’ = r*(x) by definition, the theorem follows by defin- 
ing 
1 
gi(2) = | D;h(ta) dt. 
0 














Theorem 2.3.14 now follows from the next statement. 


Proposition 2.3.16. Let MJ be a smooth manifold of dimension 
nandpe M. Let py: U — V bea chart on M around p, i.e. 
p € U. Then any tangent vector v € T,M can be uniquely 
written as a linear combination 

0 
Oxt 





v=v' 





, vj = U(2"). 
P 





Thus, {fs | l<i< nf is a basis of T,M. 

Pp 
Proof. We may assume without loss of generality that y(p) = 0 
and, thanks to Corollary 2.3.12, that U is star-shaped. Let 
feC*(U). By Lemma 2.3.15 with h = fog we get 











f= I) +209), 90) = DiLFoe NO) = A] (1). 
Thus, for any derivation v, we obtain 
(F) = o(f0)) + v(2")gi(0) +20" P)ulg.0 ¢) = v(0") 2 | (1). 





The right hand side is obtained observing that y(p) = 0, and 
thus the components z’(p) = 0 are all zero, and applying Corol- 
lary 2.3.13 to the constant f(p), which implies v(f(p)) = 0. 


It follows that the set 2 ~, 


out 








| 1<i<n> spans T,M. We 
Pp 
now need to show that its elements are linearly independent. 
Observe that 


0 
Ox; 








gy J 
Be of ho oy) 


= D,(r7 0 poy *)(y(p)) 
= Diri(o(p)) = &. 








< This is our first use of Einstein 
notation, this equation should be 
read as h(x) = h(0)+0, r*(x) gi (a). 
Using the global euclidean 

chart, z? = r*(x) and h(x) = 

h(O) + 1 x*gi(x), which you may 
recognize as the first iteration of 
the usual Taylor-MacLaurin formula. 


< Again, due to Einstein notation, 
the right hand side should be read 
as 0", a’ D;h(ta). 


< For one last time, due to Einstein 
notation, the right hand side should 
be read as "_, 2) Djh(ta) dt. 


< Since we consider upper indices 
in the denominator as lower indices, 
the equation should be read as 

_ n i_d ff — nm 
w= YRe |. lf M = R®, 
what we are saying here is that 
u(f) =v- Vf = Df v, that is, v acts 
as the directional derivative in its 
direction. 


If we are careful with the meaning 
of our notation, we could write 
more succintly of (p) in place of 


On; 
x pf) in the same fashion as in 
Example 2.3.11. 














Thus, if P 
2 iG 
v=a' = 0, 
Ox; P 
by letting v act on x, 7 < 1 < n, we obtain (a',...,a") = 0, 














proving the linear independence. 


Remark 2.3.17 (Change of coordinates). Suppose y and w are 
two different charts about p, with corresponding coordinates 


g’:= riopandy® := r'oy. Taking v = — in the previous 
Pp 


proposition implies that 








0 | _ @ | (') 0 
Oy |p Oy Ip . 0x" |p 
Expanding the definitions, we get 
0 fe le Fi = 
ae) ee ‘\((p)) = Dy(ro pod (Hp), 


which is the (i,7)th entry in the matrix D(yow')(w(p)) as dis- 
cussed at the beginning of Section 2.2. In other words, D(y o 


w+)(v(p)) is the transition matrix from the basis 1% 








to the basis {eo 


Out 





J i<i<n}, 0 


Example 2.3.18. The transition map between the standard 
euclidean coordinates and the polar coordinates on appropriate 
open sets in R? is given by (x,y) = (pcos(A), psin(@)). Let pe R? 
denote the point with coordinates (p,0) = (3,7) and v € T,R? 
the tangent vector with polar coordinate representation 


a a 




















0 Oo 
="05=| el 
‘ Cplp 06 |p 
Applying the equations in Remark 2.3.17, we get 
A A 
<| = cos(7) = + sin(7) Z | = 2 | 
Op |p Ox |p Oy |p Ox \p 
0 ; 0 0 0 
ly ~ 3sin(z) xl, + 3cos(n)~ | = “35, e 


and thus, the vector v in standard coordinates is represented 
by 





o 


Exercise 2.3.19. Let (x,y) denote the standard coordinates on 
R?. 
1. Show that (%,¥), where 
=a and y=y4+2°, 
are global smooth coordinates in R?. 


2. Let p = (1,0) € R? in standard coordinates. Show that £ # 
Pp 


& even though the respective coordinate functions are 
P 
identically equal. 


| l<i<n 
P 
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If we start getting used to thinking 

of these vectors as actual deriva- 

tives and hide the dependence on p, 

then the equation on the left can be 
é ox" 2 


rewritten as yt = Byf dat" 
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This shows that the coordinate vectors in the tangent space 
depend on the whole coordinate system and not just on the 
single coordinate function they are associated to. * 


We already mentioned that there are multiple equivalent 
definitions of the tangent space. In the following exercise you 
will provide one in terms of charts and euclidean derivatives. 
Soon, we will see yet another definition. 


Exercise 2.3.20. Let {Va | a € A} be a family of vector spaces 
indexed by a set A, let W be a fixed set and let T, : Vx — W 
be a bijection for all ae A. Assume that for any a, € A, the 
composition 1. oT, : Vy > Vg is a linear isomorphism. Show 
that there is a unique vector space structure on W such that 
each Ty, is a linear isomorphism. * 


Exercise 2.3.21 (Tangent vectors as equivalence classes of 
charts and vectors). Let M be a smooth m-manifold with max- 
imal smooth atlas A. For pe M, let A, < A denote the set of 
charts ye A such that p lies in the domain of y. 


1. Show that 


(v,9) ~ (wh) — > Dwoy")(y(p))v = w. 
defines an equivalence relation on R” x A). 


2. Let 7, denote the set of equivalence classes [(v, y)] € R™ x 
A,/ ~. For y € Ap, show that the map T,, : R” — 7, given 
by Tv := [(v,y)] is a bijection. Deduce! that 7, admits a 
unique vector space structure such that each TJ, is a linear 
isomorphism. 


3. Let y» be a chart defined on a neighbourhood of p with local 
coordinates x’ = roy and let 7, : R” — T,M denote? the 
linear isomorphism defined by Tei = aa pe Show that there 
exists a linear isomorphism S, : 7, — T,M which in addition 
satisfies S, oT, = 7, for every chart ~ about p. 





2.4 The differential of a smooth map 


In the case of a smooth map between euclidean spaces, 
the total derivative of the map at a point (represented by its 
Jacobian matrix) is a linear map that represents the best linear 
approximation to the map near the given point. In the mani- 
fold case there is a similar linear map but, as we discussed, it 
makes no sense to talk about a linear map between manifolds: 
we need to find a suitable linear map between tangent spaces. 


4 Hint: use the previous exercise! 


12 As it turns out, this is the same 
as T, defined in (2.4), however in 
this exercise we use a different no- 
tation to emphasize the dependence 
on the chart. 


If you are curious about what hap- 
pens if you consider higher order 
approximations, try to look up Jet 
Space with your favourite search 
engine. 


It should not come a Surprise that with the constructions 
developed so far not only do we have one such map, but we 
can directly relate it to a derivative. 


Definition 2.4.1. Let / : M— N be a smooth map between the 
smooth manifolds M and N, and let pe M. The differential dF, 
of F at pis the map?? 


dFy : TyM > Trip, dF,(v)(f) :=v(foF), VfeCc*(N). 


% 


Indeed, v +> dF,(v) is a linear map (why?) defining a deriva- 
tion at F(p) acting on functions in C?(N) (why?) and, as such, 
is also a tangent vector in Ty(,)N. 


Exercise 2.4.2. Answer the two (why?) above. DXa 


Exercise 2.4.3. Let M = R° and N = R? with coordinates x = 
(x',x?,x?) and y = (y',y”) respectively. Consider the function 


F(a1,x?, 2) = (atx, (x?)? — 1). What is dFui1) (so — 252s)? 


Theorem 2.4.4 (The chain rule on manifolds). Let M,N, P be 
smooth manifolds and fF: M—N,G: N — P be two smooth 
maps. Then 

d(Go F)p = dG Fp) 0° dFy. 


Proof. Since dk, : T,M — Try)N anddGriyp) : Trm)N > 
Ta(r(p))P, the map d(Go F), : T,M — Tg rip))P has the right 
domain and codomain. Take now v € 7, M and f € C”(P). We 
get 


d(G o F),(v)(f) = v(f oGo F) = dF,(v)(f 0G) 


® dG pp (dFy(v))(f) = dGrip © dF, (v)(f) 





where in (x) we used the fact that dF,(v) € Try) N. 











Remark 2.4.5. The differential of the identity map idy : M— 
M at any point pe M is the identity map 


idr, a : T)M > TyM. 


Indeed, d(idjr),(v)(f) = v(f oidyy) = v(f) for any v € T,M and 
any feC?(M). ) 

The definition we gave seems quite abstract, let’s see what 
it Looks Like in coordinates. 


Proposition 2.4.6. Let F : M™ — N” bea smooth map be- 
tween smooth manifolds. Let pe M, and let yp: U > y(U) 
be a chart on M about pandw:V — wW(V) be a chart on N 
about F(p). If (x') denotes the local coordinates of » and (y') 
the ones of w, the matrix of dF, with respect to the bases 
{Sl, | pa Tpacotal of T,M and { leq) | pa lasagn of 
Tr(p)N is given by the Jacobian matrix D(wo Foy ')(p(p)). 
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In the differential geometry 
literature, the differential has 
many names: you can find it called 
tangent map, total derivative or 
derivative of F’. Since it “pushes” 
tangent vectors forward from the 
domain manifold to the codomain, 
it is also called the pushforward. 
If that was not enough, different 
authors use different notations 
for it: besides dF,(v), you can 
find Fx vp, F’(p), TpF, DF(p)[v] or 
variations thereof. 





The alternative D notation, in this 
case, makes the relation to the 
usual chain rule even more evident: 
D(Go F)(p) = DG(F(p)) o DF(p). 


44 analysis on manifolds 


Proof. The proof follows from the following direct computa- 
tion after observing that the number D;(r?owo Foy ')(p(p)) is 
the (i,7) entry of the Jacobian matrix D(wo Foy )(y(p)). For 
any 7 =1,...,m, Remark 2.3.17 implies 


fal fal i, O 
ae (s\,) ee (\,) y Byi F(p) 











Ot et a 
= geal, Pelee 
. a 
= D,(r' Foy! : 
i(riopoFop Mel?) 5: a 

















Exercise 2.4.7. Show that the matrix of df, in terms of the 
coordinate bases is 











1 1 
Gr(p) + Sr(p) 
ety) + “Sar(”) 
without using the Proposition above. Here 22(p) = =2 pF"), 


where F” is the ith component of F with respect to the chart 
with coordinates y’. 
Hint: show that dF, ( 








Zl) A) = (EOF leq) (0) * 
A particularly important consequence of this theorem 
is that if we set M = R” and N = k” our definition coincides 
with the euclidean notion. This is easily checked by taking 
yp = idpgm and w = idgn. Then the coordinates (x!,...,x™) are 
the standard euclidean coordinates for R™ and the coordinates 
(yt,...,y”) the ones for R”. 

Let f : U ck” — k” be a smooth function and define the 
linear isomorphisms 








TRO SR, Pee 
rie (2.4) 
Ty: R" >T,R", Tye, = = 
y y y oy? ¥ 
where {e1,...,€m} denotes the standard basis of R™ and 
{e|,.-.-,e,,} denotes the standard basis of Rk”. 


On the one hand, we have the total derivative Df(x) : R” > 
R” from multivariable calculus: a linear map, the Jacobian 
matrix of partial derivatives. On the other, we have the dif- 
ferential df, : TR’ — T'p(z)k” defined above: also a linear 
map, related to the Jacobian matrix of partial derivatives by 
Proposition 2.4.6. In fact we know more, since Proposition 2.4.6 


tells us that the following diagram commutes: 


Df(z) 
R™ R” 


dfx 
TR ———» Tek" 


More generally, the same kind of reasoning shows the fol- 
lowing fact. For any smooth map F' : M™ — N” between 
smooth manifolds, if y is a chart about x e M with coordinates 
(2’) and w is a chart about y = F(x) € N with coordinates (y’), 
the following diagram commutes: 
D(boF og” ")(e(2)) 

————— > R 


n 


IR™ 


|» | , 


dFy 
T,;M ———_+ Tr)N 
where T’, and Ty) are defined as above. 


An aspect of the construction above is particularly dis- 
turbing: it forced us to fix a basis on the spaces; if this were 
truly necessary it would defeat the purpose of this whole 
chapter. Fortunately for us, the following exercise shows that, 
at any given point, the tangent space to a vector space is 
canonically** identified with the vector space itself. 


Exercise 2.4.8. Let V and W be finite-dimensional vector 
spaces, endowed with their standard smooth structure (see 
Exercise 1.2.12). 


1. Fix ae V. For any vector ve V define a map 7,(v) : C?(V) > 
R by 


d 
Talv)f = i wag (et t)- 


Show that the map vu + 7J,(v) : V > T,V is an isomorphism 
of vector spaces. 


2. Let L: V — W be a linear map. Show for any ae V that the 
following diagram commutes: 


L 
vVoe—— W 
dLa 
TaV = —— Traw 
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Recall that the following commutes: 


F 
M —— WN 
kr le . 
poFoyp + 
R™ R” 


4 That is, independently of the 
choice of basis. 
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An important consequence of what we have seen so far 
is that we can routinely identify tangent vectors to a finite- 
dimensional vector space with elements of the space itself. 
More generally, if MZ is an open submanifold of a vector space 
V, we can combine the identifications T7,M ~ T,V ~ V to 
obtain a canonical identification of each tangent space to MW 
with V. For example, since GL,,(R) is an open submanifold of 
the vector space Mat(n,R), we can identify its tangent space 
at each point X € GL,(R) with the full space of matrices 
Mat(n,R). 
Exercise 2.4.9 (Tangent space of a product manifold). Let 
M,,..., Mz be smooth manifolds (without boundary?>), and 
for each 7 let 7; : M, x --- x My, — M,; be the projection onto 
the M, factor. For any point p= (p1,..., px) € Mi x --- x My, the 


map 
o:T,(M, x--- x My) > T,M, x -+- x TpMy 
a:u+> (d(m1)p(v),---,d(t)p(v)) 

is an isomorphism. * 


Remark 2.4.10. When M is a smooth manifold with bound- 
ary and p is an interior point, all the discussions above ap- 
ply verbatim. In particular, the tangent space at a boundary 
point of an n-dimensional manifold with boundary is also an 
n-dimensional real vector space that can be identified (non- 
uniquely) with Ik” using a chart containing that point. 

For p € 0M the only change that needs to be made is to 
substitute #1” for R”, with the understanding that the nota- 
tion sop v(p) £30 be used interchangeably to denote either an 
element of Typ) R” or of Ty(p)H”- In the latter case, the nth 
coordinate vector arly should be interpreted as a one-sided 


derivative. ) 





In the next section we will give yet another alternative 
way of defining tangent vectors: less elegant but easier to 
compute. 


2.5 Tangent vectors as tangents to curves 


Exercise 2.4.8 may have left some thoughts hanging in the 
air... From the look of it, it seems that there is a relation be- 
tween tangent spaces and the velocity of a body moving with 
constant speed. In this section we will further explore these 
thoughts. 


Definition 2.5.1. If M7 is a manifold with or without boundary, 
we define a (parametrized) curve in M to be a smooth?® map 
y:I— M, where I = (a,b) CR is an interval. © 





45 The statement is true also if one 
(only one!) of the /; spaces is a 
smooth manifold with boundary. If 
there is more than one manifold 
with boundary, the product space 
will have “corners” that cannot be 
mapped to half spaces and thus 

is not a smooth manifold, as a 
simple example you can consider 
the closed square [0, 1] x [0, 1]. 


M 


1 Continuously differentiable would 
be enough, but assuming it smooth 
simplifies the exposition. 
Conventionally, b = —a = e > 0 (the 
reason will be clear in a second) and 
we denote the coordinate on R by t 
and the derivative of 7 at a point t 
by 7/(t). We say that a curve starts 
at pe M if OE I and ¥(0) =p. 
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Fix t € (a,b). A priori we have two different ways to define 
the velocity vector of 7 at a time ¢, that is, an element y(t) € 


Ty) M: 





(i) We can define a derivation on C”(M) at y(t) by setting 
YOA) = (for, fe CPM). (2.5) 


Exercise 2.5.2. Show that this is indeed a derivation on 
C”(M). * 


(ii) If we think of y as a smooth map between manifolds, we 
can define the tangent vector via the differential dy,: 


@ 
7! (t) = dy (al.) e Tyu)M. (2.6) 


Do these definitions agree? One way to check is to pick a 
chart »: U > y(U) in a neighbourhood of +(t), and compare the 
expressions in local coordinates. Let (x’) denote the coordi- 
nates of y and define the curves y' := x’o7: I —R. Let’s focus 
on (2.5). By definition, /(t)(x*) = (x? o y)/(t) = (7°)’(t), therefore 
by Proposition 2.3.16 we get 


0 


YO=7OC)s5 (2.7) 





a(t) 


Exercise 2.5.3. Show that applying Proposition 2.4.6 to (2.6) 
leads to the same formula as (2.7). x 











Figure 2.2: The velocity of a curve 
But how can this mapping between curves and tangent vec- 
tor be well-defined? Surely, there must be multiple curves 
with the same speed at a point which differ outside a neigh- 
bourhood of the point. 


Lemma 2.5.4. Let M be a smooth manifold and ¥,06 : (—e,€) > 
M two smooth curves with y(0) = 6(0). Then, 7/(0) = 6’(0) 
as elements of T\(9)M if and only if for some (and thus any) 
chart p:U > ~(U), 7(0) EU, we have (yo y)/(0) = (yo 4d)’(0). 


Proof. Let (x’) denote the coordinates of y. The condition 

(po 7)'(0) = (yo 6)’(0) is equivalent as stating that (7*)’/(0) = 
(5')'(0), where 7! = 2? oy and 6’ = x' 06d. Then, the claim follows 
from (2.7) and the fact that {a } is a basis of Tyo) M. 

















ox' |y(0) 
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This seems to follow a pattern: until now, all the definitions 
of tangent vectors where in terms of classes of equivalence. 
And it would seem reasonable to identify curves that that 
have the same tangent vector at 0. There is still a potential 
problem, though: we don’t yet know if every tangent vector 
can be written as the velocity vector of a curve. 





Theorem 2.5.5. Let M be a smooth n-manifold, let pe M and 
let ve T,M. There exists a smooth curve 7: (—e,e) ~ M such 
that y(0) =p and 7(0) =v. 


Proof. Let y: U > y(U) be a chart about p such that y(p) = 0. 
Let (x’) denote the coordinates of », as usual, and assume 


that 
0 


v=a—], 

Ox? p 

For « small enough, by continuity the vector (ta’,...,ta”) € 
p(U) for all |t| <«. Therefore, the curve 


a’ éR for alli=1,...,n. 





y:(-66) > M, y(t) =e l(tal,...,ta”), 


is well-defined, smooth, satisfies 7(0) = p and, by (2.7), 7/(0) = 
Us 














This means that we can actually give an alternative defini- 
tion of T;,M in terms of tangents to curves: 


Definition 2.5.6. A tangent vector at p € M is an equivalence 
class!’ of smooth curves y : (—e,e) > M such that (0) = p, 
where y ~ 6 if and only if (yo y)’(0) = (yo 6)/(0) for some chart 
y centred about p (see Lemma 2.5.4), % 


In fact, it is possible to start the whole tangent space dis- 
cussion with the above definition. In that case, you would first 
need to prove Exercise 2.3.20 and endow 7;,M with a vector 
space structure?®, 

To conclude this part, the next proposition shows that ve- 
locity vectors behave well under composition with smooth 
maps and give us a direct, explicit and effective way to com- 
pute differentials. 


Proposition 2.5.7. Let f: M — N bea smooth map between 
smooth manifolds and y: [ — M a smooth curve in M. Then 


dF) (7 (t)) = (Fo 7)": 


Proof. We are going to use (2.6) as definition of y'(t). Applying 
the chain rule we obtain: 


a 
dF, (4)(7 (t)) = dye) 0 dye (5 ) 

















Figure 2.3: With this definition, 

the coordinate tangent vectors 
O,i € TyM become the tangent 
vectors defined by the curve 


,2'(p) +t,...,2"(p)). 


7 Usually we say that two such 
equivalent curves have a first order 
contact at p. 


trey l(a'(p),... 


18 To get the analogue result as 
Proposition 2.3.16 


Exercise 2.5.8. Give an alternative proof of Proposition 2.5.7 
using (2.5) as definition for y(t). 
Hint: use the definitions to rewrite the formula in different ways. 


* 


2.6 The tangent bundle 


Instead of working separately with the various tangent spaces, 
we can “glue” them together into a big manifold. 


Definition 2.6.1. The tangent bundle 7M of M is the disjoint 
union of the tangent spaces 





TM := |_| ({p} x TM) = {(p,v) | pe M, ve TM}. 
peM 


0) 


2 (p,v) of a base point pe M anda 


Elements in TM are pairs? 
tangent vector ve TM. 

To the tangent bundle we associate a surjective map 7 : 
TM — M, the projection (onto the base), which sends each 
vector in a tangent space to the point at which it is tangent, 
that is, 7(p,v) = p. The second component of the pre-image 
n'({p}) = {p} x T,M, that is TM itself, is called the fibre over 
pe M. We will come back to this Later on once we talk about 
vector bundles. 








Example 2.6.2. Let WZ c Rk” be an an open set. We can identify 
TM ina natural way with M x R”. Since M x R® c R2” and thus 
is a manifold, we can equip the tangent bundle 7’'M with the 

structure of a manifold induced by this identification. .) 


As it turns out, this is a particular instance of a more gen- 
eral fact. 


Theorem 2.6.3. Let MJ be a smooth n-manifold. The smooth 
structure on M naturally*® induces a smooth structure on 
TM, making TM into a smooth manifold of dimension 2n. 
Moreover, the map 7: 7T’M — M is smooth. 


Proof. Step 1: extending charts from M to TM. Givena 
chart (U,) about pe M, the preimage 7 ~'(U) < TM is the set 
of all tangent vectors to M at points of U. If (x') denotes the 
coordinate functions of ~, we can define a map ¢: 7 !(U) > 
y(U) x R® c R2” by 








Gv" . — (2°(B)po058"(@),W pion vs (2.8) 
Ox" p 
Since @ can be explicitly inverted as G1 (x1,...,2”,u1,...,v") = 
vis , it defines a bijection onto its image. 








~*(z) 
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1? We will often abuse notation 


and identify 7, M with with its 
image under the canonical injection 
v +> (p,v) and use interchangeably 
any of the notations v, vp or (p, v) 
for a vector in T,M (depending on 
how much emphasis we need to put 
on the base point). 


2°In the sense that its definition 
does not require to make any 
arbitrary choices. 


In this proof you can see instances 
of a typical abuse of notation: in 
the expressions %*(a) we think of 
the Z* as coordinate functions but 
we think of the z as representing a 
point in p(UNV). 


Keep in mind that 


am 1(U)=TU =| |TUc||TM =TM. 
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Step2: compatibility of the extended charts. Suppose 

we have two smooth charts (U,y), (V,w) for M with the re- 

spective local coordinates (x) and (y’). Let (r~1(U),), (m7! (V), ) 

be their extension*+ to TM as in the previous step. By con- 21 These are called bundle charts. 
struction2*, both G(7—!(U) n m1(V)) = v(U nV) x R” and 22 They are both homeomorphisms. 
W(a-!(U) aw (V)) = W(U AV) x R” are open in R2". Moreover, 

we can take advantage of Remark 2.3.17 to write explicitly the 

transition map 70 G7! : g(U AV) x R®” > W(U AV) x R® as 


pop (x cag Oh eieag) 


where p= ¢ !(x), which is clearly smooth. 


mae 2 xR ra 


‘iy! 


Pn bu) = R 


Figure 2.4: Coordinates for the 
tangent bundle 





Step3: 7M is a manifold. With the procedure delineated 
above, a countable smooth atlas {(U;,y;)} of M induces a 
countable atlas {(z+(U;),@;)} of TM. First of all, {(~'(U;)} 
provides a countable covering of 7’. We need to show that 
the topology induced by those charts is Hausdorff and second 
countable. 

Let (p1, v1), (pe,v2) € TM be different points: either p; # po, 
Or py = p2 and vy, # vo. 


¢ In the first case, there are disjoint open sets V|, V2 c U; (for 
some i) containing respectively p; and pz. Then G+ (yi(M1) x 
R”) and 3; 1(y;(V2) x R”) are disjoint open sets containing 
respectively (p,,v1) and (po, v2). 


¢ In the second case, p = p; = po but there are disjoint open 
sets V;,V2 < Rk” containing v, and v2 respectively; again, 
the preimages $, '(;(Ui) x Vi) and G1 (p;(U2) x Ve) (for 
some 7 such that p € U;) are disjoint open sets containing 
respectively (p;,v1) and (po, v2). 
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The countable basis {U;} is a countable basis for the topol- 
ogy of M (which is second countable), taking a countable basis 
{W,,} for the topology of R”, we can define a countable basis 
for TM as {@~!((U; 7 U;) x Wx)}. The charts defined above 
make 7'M automatically euclidean of dimension 2n. 


Exercise 2.6.4. This part of the proof seems unnecessarily 
detailed. Can you simplify it using Lemma 1.2.20? * 


Step4: a is smooth. With respect to the charts (U,y) for M 
and (x~1(U),%) for TM, the coordinate representation of 7 is 











(a,v) =a. 





The coordinates (x',v’) defined by (2.8) are called natural (or 
canonical) coordinates. 





Exercise 2.6.5. Let f : M — N be a smooth map between 
smooth manifolds. Show that its differential df : TM — TN 
is a smooth map between smooth manifolds (the respective 
tangent bundles). 

Hint: use the natural differentiable structure on the tangent 


bundle described above and the definition of smooth map. * 


Remark 2.6.6. In classical mechanics, the configuration space 
is usually a manifold M. The tangent bundle 7M corresponds 
to the state space, that is, the space of configurations and 
velocities. In symbols x = (q,v) is a pair of a configuration gq = 
n(x) and a velocity ve T,M. It turns out that the Lagrangian is 
a smooth function on TM. © 


2.7 Vector bundles 


What we have seen here is our first example of vector bundle, 
which is just a way to call a vector space depending continu- 
ously (or smoothly) on some parameters, for example points 
on a manifold. 


Definition 2.7.1. A vector bundle of rank r ona manifold M isa 
manifold & together with a smooth surjective map 7: EF > M 
such that, for all pe M, the following properties hold: 





(i) the fibre over p, E, := 7~'(p), has the structure of vector 
space of dimension 7; 


(ii) there is a neighbourhood U c M of p and a diffeomor- 
phism y: a~1(U) + U x R” such that 


(a) 7,°9y=7 where 7,:U xk" > U is the projection on the 
first factor, 


(b) for allgeU,y|, : Ey > {q} x R" is an isomorphism of 
vector spaces. 
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The space F is called the total space, the manifold // is the 
base Space, z its projection and each of the maps y is called 
local trivialisation. 

lf there exists a trivialisation defined on the whole manifold, 
that is amap » : & — M x Rk’, such map is called global 
trivialisation and the vector bundle is said to be trivialisable. 


% 





Example 2.7.2. * A simple example of vector bundle of rank 
r over a manifold M is the product space # = M x R’ itself 
with the projection on the first component 7, : EF — M. In 
this case the bundle is clearly trivialisable. 


¢ The tangent bundle 7M with its projection to the base 
a :TM — M is a vector bundle. In this case the fibres are 
the tangent spaces 7~'(p) = T,M. If the tangent bundle of 
a manifold is trivalisable, then its base manifold is said to be 
parallelisable. 


° if 7: EF; > M;,i=1,2, are vector bundles, then a = (mm, 72) : 
FE, x Ey — M, x Mo is another vector bundle whose fibres 
are the product of the fibres of the two original bundles. A 
particular example of this is the tangent bundle T(M, x M2), 
which is diffeomorphic to 7M, x TM. 


¢ Other examples will appear throughout the course. 


% 


Exercise 2.7.3. Show that the dimension of a vector bundle of 
rank r is dim(#) = dim(M) +r. tr 


Exercise 2.7.4. Show that if 7: & — M is a vector bundle and 
U < M is an open set, then m1) : wm 1(U) > U is a vector 
bundle of the same rank. * 


Example 2.7.5. Let 7 : EF — M bea vector bundle of rank 

r. Assume that F£ itself is the base space of another vector 
bundle 7, : £, — E of rank s. Then 707: FE, — M is a vector 
bundle of rank r + s called the composite bundle. Indeed, if 
y:m 1(U) > U x R’ is a bundle diffeomorphism for E over 
U <M and y : 7, '(U1) > U; x R® is a bundle diffeomorphism 
for FE, over U, c E such that V := 7(U,) nU 4 @, then 





W := (yom, 1): (mom) *(V) > (U x R") x (Uy x R*) 


is a bundle diffeomorphism for 707, over W. 

A particular example of this is the tangent bundle of the 
tangent bundle: if M/ is a n-manifold, its tangent bundle TM 
is a 2n-manifold, and its tangent bundle 7(TM) is a vector 
bundle over M of rank 3n. © 


To compare vector bundles it is useful to define the follow- 
ing concept. 


Le 
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Definition 2.7.6. An isomorphism between two vector bundles + 
7, : BE; ~ M,i=1,2, over the same base space M is a home- 
omorphism h : E, — E2 which maps every fiber 7, '(p) to the TT: E=M vector bundle 
corresponding fiber 75 '(p) by a linear isomorphism. > Sel E) seckon 


Since an isomorphism preserves all the structure of a vec- Eygure: 2a papell memanle. 2G 
remember what is a section, is to 


tor bundle, isomorphic bundles are often regarded as the imagine it as a cross-section of the 
same. bundle. 


Definition 2.7.7. A section of a vector bundlez: EK > Misa 
smooth map S': M — E such that 70 S = idjy. We denote the 
set of all sections of FE by I'(£). 

If, in the definition, 7 is replaced by U c M, the section 
is called local section. The set of local sections on U c M is 
denoted I'(E|y). » 


Example 2.7.8. lf EF = M x Rk", M Cc R”, then for any smooth 
map F : M — R” we have a section S € I(E£) defined by 

S(p) = (p, F(p)). This is a classical euclidean vector field: a 
map that associates vectors to points. 

Notice, in particular, that functions f ¢ C(I) are sections of 
the trivial bundle M x R. © 


One can sometimes distinguish non-isomorphic bundles by 
looking at the complement of their zero section: since any 
vector bundle isomorphism h : E,; — EE. must map the zero 
section of &, onto the zero section of EH, the complements of 
the zero sections in FE; and £2, must be homeomorphic. 

lf the bundles are differentiable manifolds, then the defini- 
tion of isomorphism nicely generalizes: they are diffeomorphic 
if fiores are mapped to fibres diffeomorphically. 

Even though, as we have seen, locally 7M is diffeomorphic 
to M x R”, this is not true in general with one exception. 





Figure 2.6: A vector field “attaches” 
vectors to points. 


Exercise 2.7.9. Let IZ be a smooth n-manifold that can be cov- 
ered by a single smooth chart. Show that 7M is diffeomorphic 
to M x Rk” (without applying Proposition 2.7.13). * 


Definition 2.7.10. A local frame of a bundle 7: FE — M of rank 
r is a family of r local sections {5),...,5,} C T(E|y) such that 
{S1(p),...,Sr(p)} is a basis for E, for all pe U. If U = M then 
{Si,...,Sr} is called global frame. Sometimes, the sections S; 
are called basis sections. © 


Example 2.7.11. A chart on a n-manifold M with local coordi- 
é é 


nates (2') yields a local frame {5°r,..., 5} of the tangent 
bundle 7M. ) 


In the spirit of what we have seen about the previous exam- 
ple, we have the following proposition. 


Proposition 2.7.12. Let 7: FE — M be a smooth vector bundle 
and X : M — Ea section. If {S;} is a smooth local frame 
for F over an open subset U C M, then X is smooth on U if 
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and only if its component functions with respect to {S;} are 
smooth. 


Proof. Let y: 7 1(U) > U x R* be the local trivialization asso- 
ciated with the local frame {5;}. Since vy is a diffeomorphism, 
X is smooth on U if and only if yo X is smooth on U. If {X*} 
denotes the component function of X with respect to S;, then 
yo X(p) = (p,(X1(p),..., X*(p))), so yo X is smooth if and only 














if the component functions {X*} are smooth. 


That is, given a local frame {S,...,5,} C T(E|y) of a vector 
bundle z : & + M we can express any section X eI(£) asa 
linear combination of elements of the frame: 


X = X'S; onU, 


where X' ¢ C”(U),i = 1,...,r. Which was to be expected: 
after all, for each pe U C M, the local frame is a basis for E,. 


Proposition 2.7.13. A vector bundle 7: EF — M is trivialisable 
if and only if it admits a global frame. 


Proof. Lety : EF — M x k” be a global trivialisation and 


{e1,...,e,-} the canonical basis for R”. For ge MxR’, {Si(q),...,5,(q)} : 


{eo 1, (eu): he 97 |,(er)} is a global frame for F (why?). 
Conversely, let {.5),...,5,} be a global frame for E. Then 


p:BEoMxXR’, (p, v'S;(p)) (p, Ca ,v")) ; 











is a global trivialisation for F. 





Example 2.7.14. The cylinder EF = S!xR is a trivialisable vector 
bundle with 7: H > S'. Incidentally, the cylinder is isomorphic 
to TS! (why?). 0) 

A useful generalization of vector bundles, which we will not 
discuss in the course, is the locally trivial fiber bundle, where 
R is replaced by a more general manifold. 


2.8 Subobmanifolds 


With differentials of smooth functions at hand, we are ready 
to discuss submanifolds: smaller manifolds sitting inside Larger 
ones. 


Definition 2.8.1. Let 1/™ and N” be differentiable manifolds 
and F': M— N a smooth function. 


* Fis aimmersion if dF, is injective for all pe M (> m<n); 


¢ Fis a submersion if dF, is surjective for allpe¢ M (> ms 


n); 


immer siow 
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+ Fis a embedding*? if F is an injective immersion that is 2 This is a particular case of a more 
also a homeomorphism onto its range F(M) c N, where the geherel KonGept tic: topological 
. embedding, which defined as an 
topology on FM) is the subspace topology as a subset of injective continuous map that is a 
N. homeomorphism onto its image. 
% 


Example 2.8.2.1. The prototype of an immersion is the inclu- 
sion of Ik” in a higher-dimensional k”: 


i: R™ OR", 


Indeed, the n x m matrix 


1 0 0 
0 1 0 
0 0 


has full rank (equal to m) and is therefore injective. More- 
over, the map 27 is injective and continuously invertible on 
its range, so it is also an embedding. 


2. The prototype for a submersion is the projection of k” 
onto a lower-dimensional R": 7 (a',...,@",2"*!,...,0™) = 


o] + 
(Ge ataye ye 


Indeed, the n x m matrix 


1 0 0 0 0 
dr, = Dr(x) = ie : 
Oo ste HA TO es 6 


has full rank (equal to n) and is therefore surjective. Hence, 
zis a submersion. 


3. Let m=1,n > 1 andy: KR — R” a smooth curve. The map 
y is an immersion if and only if its velocity vector satisfies 
“/(t) # 0 for all ¢ € R. If the curve intersects itself, e.g 
f(ti) = f(t2) for some t, # tz, then f is not an embedding. 

% 


Remark 2.8.3. Surjectivity of suomersions or injectivity of 

immersions are properties of the differentials, not of the maps 
themselves. For example, if U c M open, the inclusion 2: U — 
M is both an immersion and a submersion. >) 
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Definition 2.8.4. Let MJ and N smooth manifolds such that Mc 
N as a set. We say that M is an embedded submanifold of NV 

if the inclusion M <> N is an embedding. If the inclusion is just 
an immersion, we say that / is an immersed submanifold. © 








This definition already hints to the fact that smooth maps 
are going to be usefulin providing ways to nicely include a 
manifold into the another and in giving new ways to construct 
manifolds in the first place. In the rest of this chapter we will 
try to give an answer to the following questions: 


* if F is an immersion, what can we say about its image F'(M) 
as a subset of N? 


¢ if F is a submersion, what can we say about its levelsets 
fq) cM? 


And what can we say about the corresponding tangent spaces? 
Before moving on, it is useful to recall some results from 
multivariable analysis. A function f : R” — Rk” between eu- 
clidean spaces has rank k at x € R” if its (n x m) Jacobian 
matrix Df(x) has rank k. The function has maximal rank** at 4 Alternatively, it is of full rank. 
x if k= min(n,m). When n =m, f has maximal rank at x if and 
only if the square matrix Df(«) is an invertiole matrix. 
As for many local properties, this definition carries over to 
manifolds rather “smoothly”. 


Definition 2.8.5. A smooth map F : M — N has rank k ata 
point p if its differential dF, has rank k, that is, if the linear 
subspace dF,,(T,M) has dimension k inside Tr,)N. o 


And the same is true for the inverse function theorem: com- 
pare the following statements. 


Theorem 2.8.6 (Inverse function theorem). Let U c R” open 
and f:U — kk” be a smooth map. Assume that f has maximal 
rank at some xe U, then there exists an open neighbourhood 
Q<U of x such that f\e :Q— f(Q) is a diffeomorphism. 


Theorem 2.8.7 (Inverse function theorem for manifolds). Let 
F.: M—WN bea smooth function between smooth manifolds 
of the same dimension n. Let pe M and assume that F' has 
maximal rank (i.e. rank n) at p. Then there exists an open 
neighbourhood V of p such that the restriction F: V > F(V) 
is a diffeomorphism. 


Exercise 2.8.8. Use the euclidean inverse function theorem 
(Theorem 2.8.6) on Rk” to prove Theorem 2.8.7. aXe 
In fact, also analogues of the implicit function theorem 


carry over. We will state them without going into the details 
of the proofs. 





Proposition 2.8.9. Let W/™ and N” be smooth manifolds and 
F': M — N an immersion. Then for any pe M, there exists a 





Figure 2.7: Theorem 2.8.9 ina 
picture. 
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neighbourhood U of panda chart (V,w) about F(p) € N such 
that 


(i) If y’ =r’ ow are the local coordinates of w then 


(ii) F|,, is an embedding. 


lf F is an embedding, and this M is an embedded subman- 
ifold, then the set F(U) above can be written as F(U) = 
F(M).W for some open set W c N. By replacing V in (2.9) 
with V 1 W, one gets 


F(M) AV ={geV | y™**(q@) =--- =y"(q) = 0}. 


In particular, this means that a m-dimensional submanifold 
is also a m-dimensional manifold whose charts are the ones 
above after we drop the final nm — m components. 

The proposition above shows that an immersion is always a 
Local embedding. 


Exercise 2.8.10. 1. If M is compact, an injective immersion 
F: M — N is always an embedding. 


2. This is not necessarily the case in the non-compact case, 
give a counterexample. 
* 


Lemma 2.8.11. With the notation of Proposition 2.8.9, assume 
that around any point pe M there is a chart of the form 


MoV={aeV | y™?@ =: =y"(q) =O} CN. 


Then, if we endow M with the subspace topology on N, M is 
a topological manifold of dimension m. Furthermore, it has a 
smooth structure that makes it into an embedded submani- 
fold of N. 


Sketch. Let 7: IR” — R™ be the projection as in the examples 
above. Let pe M and let (V,w) be a chart with coordinates (y’) 
of the form above. If we endow M with the subspace topology, 
then a := 70 ee is ahomeomorphism. Repeating this at 
any point we end up with a collection of maps satisfying the 
hypotheses of Lemma 1.2.20. Thus M is a smooth manifold 
of dimension n and its topology coincides with the subspace 
topology. 

Finally, with the inclusion: : M — N one has that wozo 
a '(p',...,p”") = (p',...,p",0,...,0) which is smooth. 














A non-trivial consequence of the previous lemma is the 
25 


following proposition“. 25 Refer to [Lee13, Proposition 5.8 


and Proposition 5.31]. 
Proposition 2.8.12. Let M be a smooth manifold andU c M 
an open set. Then U has a unique differentiable structure neropesiiGn dade Cis net 
; . . . ; enough to ask that z is smooth! 
such that the inclusion 1: U <> M is a diffeomorphism. As counterexample consider 


the two manifolds (R,.Ai) with 


A; := {(R,idp)} and (R, Az) with 
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Az := {(R,z +> x3)}. The inclusion 
of open sets in R is smooth in both 
cases but is a diffeomorphism only 


in one. 
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Up to this point, the first manifold either had the same di- 
mension or was smaller than the second one. What if it is 
larger? 


Definition 2.8.13. Let F : M™ — N”",m = n, be a smooth 
map between smooth manifolds. A point p € M is said to be 
a regular point of F if dF has rank n at p, while it is called a 
critical point if it is not. 

Similarly, a point g € N is called a regular value if every 
point in F~1(q) is a regular point, and critical value otherwise. 
If g ¢ F(M), then q is considered a regular value (in the sense 
that there is nothing to check in its preimage by F). Cf. Fig- 
ure 2.8. 0) 


With this definition at hand, we are ready to state one of 
the most important theorems in this lecture. Differently from 
most previous ones, the statement is not Local. 


Theorem 2.8.14 (Implicit function theorem for manifolds). Let 
m >nandtlet fF: M™ — N” be a smooth map between 
smooth manifolds. If gq € N is a regular value of F and 

P := F~‘(q) is not empty, then P is a topological manifold of 
dimension m—n. Moreover, there exists a smooth structure 
on P which makes it into a smooth embedded submanifold of 
M. 


Remark 2.8.15. If F': M— N is a submersion, Theorem 2.8.14 
implies that any p € M belongs to the (m — n)-dimensional 
embedded submanifold F~!(F(p)). ) 


We can gather this observation and the previous results (the 
inverse and the implicit function theorems) into the following 
proposition (of which we are also omitting the proof). 


Proposition 2.8.16. The following assertions are equivalent. 
(i) P? <¢ M™ is a n-dimensional suomanifold?®, 


(ii) P is locally the image of an embedding of a subset of 
Rk”. That is, for every p € P there exists g < P open 
neighbourhood of p, an open set U c Rk” and an embed- 
ding 

p:U—>M suchthat p(U)=V. 


(iii) P is locally a level set of a submersion into R™””. That 
is, for every p € P there exists V c P open neighbour- 
hood of pand a submersion w:V — R™~” such that 


MoV ={aeV | ¥(q) =O}. 


Remark 2.8.17. Whitney Embedding Theorem states that any 
smooth n-dimensional manifold can be smoothly embedded 
into R2”, Thus any abstract manifold is diffeomorphic to a 
submanifold of Ik” (for some ™). % 


a 
rtTL 
% ae | 


| Fx ye) =» 
V 


Figure 2.8: Beware of the subtleties 
here. The map F’ = zy © i for 

the inclusion i : T? <> R® and 

the projection 7z(x,y,z) = x. So 
dF, = d(tx)i(p) 0 dip. The latter 
is zero if the image of T,T? by 

diy : TpT? — T)R? is contained 

in the yz-plane (the reason will be 
clear by the end of the chapter): 
the critical points depicted here are 
exactly those points for which the 
tangent plane is the yz-plane. 


2%So.n<m. 


tangent bundle 


Remark 2.8.18. The concepts expressed in this section are 
extremely relevant in the contexts of mechanics and topol- 
ogy. Some good keywords to know more, here, could be Morse 
Theory, Floer Homology or Arnold’s conjecture. We will not 
get into this, but | will refer you to a nice article from Quanta 
magazine that touches upon these topics [Hou21]. ©) 


Example 2.8.19. The sphere S? = {x € R® | |z|| = 1} is a 2- 
dimensional suomanifold of N = R°. This is immediate using 
the third condition in the Proposition 2.8.16: let ~(x) = ||a|? —1: 
R? > R, then w is smooth, S? = {x € R? | w(x) = 0} and, denoting 
¢ the coorindates on R, di,(v) = v' |, 2|o = (2a-v)So, that is, 
as a 1x3 matrix dy, = 2(z' x? x*) so it is of maximal rank 1 for 
all x € S*. 0 
Example 2.8.20. Let N= R? and P={xeN | x? = |x'|}. Then 
P is not a submanifold, but it can be equipped with a manifold 
structure. For example with the global atlas {(P, (21,17) > 
x')}, P is a manifold diffeomorphic to R. © 





Exercise 2.8.21. A real-valued function f : M — R ona manifold 
has a local maximum at p € M if there is a neighodourhood 
U <M of p such that f(p) > f(q) for all ge U. 


1. Show that if a differentiable function f : (a,b) > R, has a 
local maximum at xe (a,b), then f’(#) = 0. 


2. Prove that a local maximum of a function f « C%(M) is a 
critical point of f. 
Hint: choose Xp, € T,M and let y(t) be a curve in M starting at p 
with initial velocity Xp. The f oy is a real-valued function with 


local maximum at 0... 


We still have a question pending since the beginning of 
the chapter. Is the tangent space to a sphere the one that we 
naively imagine (see Figure 2.1)? To finally answer the ques- 
tion, we will prove one last proposition. 


Proposition 2.8.22. Let F : M™ — N” be a smooth map 
between smooth manifolds. Let ge N be a regular value of 
F such that P := F-1(q) 4 @ and let i: P — M denote the 
inclusion. Then, for all pe P, one has 


di,(7,P) = ker dF,. 


Proof. Both di,(7,P) < T,M and kerdF, c T,M are linear 
subspaces of the same dimension m — n, therefore we only 
need to show that one contains the other, e.g. di,(T,P) < 
ker dF,. 
Take f ¢ C”(N) and ve T;,P. By the chain rule?’ we get 27 Proposition 2.4.4 


(dF, © di)(v)(f) = d(F 0 1%)p(v)(f) = v(f o F074). 


59 


60 analysis on manifolds 


Since F'o ile = q constant, fo Foie C%(P) is the constant 
function p> f(q) and by Corollary 2.3.13 we have v(fo Foi) = 
0. 














Example 2.8.23. We have seen in Example 2.8.19 that S? = 
F~1(0) is a smooth manifold of dimension 2. Denoting the inclu- 
sion by i: S* — R%, one has 


wis Sine) (2.10) 
where 7, : R® > T,R? is the map defined in Exercise 2.4.8 and 


p-:= {qe R® | (p,q =}, 


where <-,-) is the usual euclidean dot product. The latter di- 
rectly comes from computing df, and its kernel, which we 
essentially already did in Example 2.8.19. Take a long deep 
breath and unfold the definitions in (2.10), here it may be use- 
ful to draw a picture?®. Equation (2.10) implies that the tan- 
gent space to S? at a point pis the plane tangent to S? at p, 
as claimed in Figure 2.1. © 


Exercise 2.8.24. Show that the above reasoning holds verbatim 
for GS? Re, tr 
Exercise 2.8.25. Let U c R” open and f : U — R smooth. Define 
g:U > R"*! by 

g(x) = (x, f(x). 
Show that g is a smooth embedding and, therefore, that g(U) is 
a smooth embedded n-dimensional submanifold?? of R’*+1, x 


Exercise 2.8.26. Show that the orthogonal matrices 
O(n) = O(n, R) = {Qe Mat(n,R) | Q7Q = id} 


form a n(n — 1)/2-dimensional submanifold of the n?-manifold 
Mat(n, R) of n x n-matrices. 
Show also that 


TgO(n) = {B € Mat(n,R) | (Q7'B)’ =-Q7'B}, 


and, thus, that TiyO(n) is the space of skew-symmetric matri- 
ces 
TigO(n) = {B € Mat(n,R) | BT = —B}. 


Hint: Find a suitable map F : Mat(n,R) — Sym(n) such that 
F7'({p}) = O(n) for some point p in the image, e.g. 0 or idn. Here 


Sym(n) denotes the space of symmetric matrices. * 


Of course, we can also define subbundles. 


Definition 2.8.27. Let 7 : E — M bea rank-r vector bundle 
and F c Fa submanifold. If for all p e M, the intersection 

F, := F 0 E, is a k-dimensional subspace of the vector space 
E, and 7|p : F — M defines a rank-k vector bundle, then 
1t|p: F — M is called a subbundle of EF. 0) 


28 Which is generally always the case 
in geometry and topology, and most 
other mathematical fields. 


22 g(U) is the the graph of f! 


Exercise 2.8.28. Let M be a smooth m-manifold and N a 
smooth n-manifold. Let F : MM — N be an embedding and 
denote M = F(M)cN. 





1. Show that the tangent bundle of M in N, given by TM := 
dF(TM) c TN|q, is a subbundle of TN|> by providing 
explicit local trivialisations in terms of the charts (U,w) for 
M. 


2. Assume that there exist a smooth function ® : N — R”-™ 
such that M := {pe N | ®(p) = 0} and d®, has full rank for 
all pe M. Prove that? *©Here T’ N|>; denotes the the 


tangent bundle of N restricted to 


TM — {(p,v) c T Ni lve ker(d®,)} ; the base points in M. 


2 
Vector fields 


We continue with our quest of generalizing multivariable cal- 
culus. The next familiar object waiting to be questioned are 
vector fields. In the euclidean settings these are simply contin- 
uous maps that attach a vector to each point in their domain. 


3.1 Vector fields 


The step to abstract manifolds is rather intuitive in this 
case: a vector field will be a map that, at each point of a mani- 
fold, picks a tangent vector at that point in a smooth way. 


Definition 3.1.1. A C?-map X :M —> TM with 70 X = idy, or 
equivalently X, ¢ T,M for all pe M, is called C?-vector field. 





The vector field is smooth if it is C? for all p > 1. We denote? 1 Alternative notations are 7, (M), 
the set of smooth vector fields by X(M). ees ieee eeane Here - ale 
. F relate o vector nelas being tensor 
The map z : TM — M is called footpoint map and the fields of type (1,0), a topic that we 
equation 70 X =idy, is called section property. © will discuss in the near future. 





Remark 3.1.2. A careful look at the definition shows that vec- 
tor fields are sections of TM, indeed X(M/) =IT(TM). This is a 
useful way to start understanding the bundle terminology: in 
some sense, sections of vector bundles are a generalisation of 
vector fields. © 


Beware of the curse of differential geometry. For conve- 
nience and to be consistent with our notation for elements of 
the tangent bundle, we denote the value X, € {p} x T,/ of 
a vector field by X, instead of X(p). Furthermore, we will of- 
ten identify X, with its component in 7;,M, thus considering it 
as if X, ¢ T,M, without explicitly projecting it to the second 
component. 

Let M be a smooth n-manifold (with or without boundary). 
Let X : M + TM bea vector field, not necessarily smooth, 
and (U, (x’)) a smooth coordinate chart for M. Then we can 
write the value of X at any point pe U as a linear combination 
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in terms of the coordinate basis vector: 


. 0 
X, = X'(p)—| . 3.1 
Pp (p) Oxi , ( ) 
This defines n functions X‘ : U — R, called component 
functions of X in the chart. 


Exercise 3.1.3. Show that, in the notation above, the restric- 
tion of X to U is smooth if and only if its component functions 
with respect to the chart are smooth. x 


Example 3.1.4. If (U,(x’)) is a smooth coordinate chart for a 
n-manifold M, the assignment p > a , determines a vector 





F 
Oxt 
field on U, called the zth-coordinate vector field and commonly 
denoted 0;, 0,: or 0/dx'. Despite their looks, the 0,i|, denote 
genuine vectors in T,,M that can be associated to euclidean 
vectors via a Suitable chart. 

The set {527| eel is a local frame for TM. © 








po 

The space of smooth vector fields is a vector space under 
pointwise addition and scalar multiplication: for all p « M, 
X,Y €X(M), a,8€R, we have 


(GX + BY) = aXp + BY5: 


The zero element of the vector space, called zero vector field, 

is the vector field whose values is 0 ¢ TM for all pe M. More- 

over, each vector field can be multiplied by smooth functions 

f¢éC*(M) by defining fxX :M —->TM by Be careful, we are talking about 


two different structures here: X(1/) 
is both a real vector space anda 


(fX)p = f(p)Xp. C®(M)-module. 





Proposition 3.1.5. Let Mf be a smooth manifold with or with- 
out boundary. 


1. If X,Y € X(M) and f,geC*(M), then fX + gY € X(M). 
2. X(M) is a module over the ring C%(M). 


In this sense, the basis expression (3.1) can be also rewritten 
as an equation between vector fields instead of an equation 
between vectors at point: 


. O 
X = X'—, 
ox" 





where X* denotes the component of the vector field X in the 
given coordinates. 


There is one more way of thinking about the coordinate 
basis expression above. We have seen that differentials of 
smooth maps define maps between tangent bundles. As it 
turns out, we can employ differentials of diffeomorphisms to 
map vector fields to vector fields. 
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Definition 3.1.6. Let /: M— N be a diffeomorphism of smooth 
manifolds. Then, the pushforward F, of F’, defined by? ?In coordinates, this reads 


FyX)q = dF p-1;.)(Xp—19))- 
Fy: X(M)> X(N), XOFX =dFoXoF"}, (3.2) a ai i a a) 
maps (“pushes forward”) vector fields on M to vector fields on 
N. v) 


The definition of pushforward is more easily pictured by 
means of the following commutative diagram: 


M «<——— N 
Fol 


dF 
TM —~, TN 


Then, if (U,y) is a coordinate chart for M, the restriction of 
a vector field X € X(M) to U can be mapped to a vector field 
on y(U) CR” via the pushforward ».: 


~aX: PU) > TeV) , 
Ky ae 
CR” =y(U)xR” 


~eX : xr (x,v(x)) with v(x) =v! (x)e; eR”, 


where w(x) are the components? of X, € T,M at p = y\(a) 2 As we start getting used to, the 


hart ¢ here pl twofold role: it 
with respect to the coordinate basis 4 .°, limi ease We aida acne aa 
p provides the coordinates x = y(p) 


Ox* 


Example 3.1.7 (Computing the pushforward of a vector field). on the patch U and the coordinate 
, : 2 basis of the tangent space. 
Let M and N be the following submanifolds of k°*: 





M = {(z,y)eR* |y>0, c+y> 0}, 
N = {(u,v) € R? |u>0, v>0}. 


Define F : M — N as the mapping F(z,y) := («+ y,x/y4+ 1). 
Then F is a diffeomorphism: we can compute its inverse by 
solving (u,v) = («+ y,x/y+1) in for x and y, obtaining (x,y) = 
F-1(u,v) = (u—u/v,u/v) which is also smooth on all N. 

Let X € X(M) be given by 


0 


X24) =Y¥ = 
(x,y) =U Ox \(a,y)’ 


we are now going to compute the pushforward F,,X. 
The differential of F' at a point (x,y) € M is represented by 
its Jacobian matrix, 


a i on 


thus dF'p-1(,,,) = dF o F~1(u,v) is represented by the matrix 


DF(u—u/v,u/v) = & oO a ; 
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For any (u,v) e N, 


u? o 


ae 
(een v2 Ox F-1(u,v)’ 


and, thus, by (3.2) (with p = (u,v)) we get 








2 
ur oO uo 
FX — ie ene . 
( ig use) v2 du (u,v) v Ov (u,v) 
0 
Exercise 3.1.8. Let M be a smooth n-dimensional manifold. 
Let pi,..., px be distinct points of M and let y; € T,,M,i = 
1,...,k, be tangent vectors at those points. Show that there is 
a vector field X on M such that X,, =v,,1=1,...,k. 
Hint: bump functions may be handy here. x 


While we continue to explore the twofold nature of geo- 
metric objects, it is worth Looking back at our original defini- 
tion of tangent vectors. In one of our first encounters with 
tangent spaces, we said that a tangent vector v at a point 

p € M defines a derivative at that point by taking the direc- 
tional derivative of a function at that point. A vector field X 
now provides a tangent vector and, therefore, a derivation at 
every point of the manifold. In this sense, X € X(M) induces 

a linear map on the algebra C?(M) of smooth functions on M: 
for feCc*(M), 


Xf:M—>R, (Xf)p:=Xpf, peM. 


Notation 3.1.9. Let f € C%(M) and let (U,w) be a chart with 
coordinates (x*). Then, for X = so, we denote Xf by Les and 
thus the following notations are for us equivalent: 

of 0 0 
If M is an open subset of R” and ~ = idpn, then the last equal- 
ity shows that the notation is consistent with the usual defini- 














(f) = Di(f 0 9~*)(¢(p)). 


Pp 





tion of partial derivatives from multivariable analysis. » 
Exercise 3.1.10. If X € X(M) and f « C%(M), then Xf e€ 

C”(M). x 
Exercise 3.1.11. Let X,Y € X(M). Show that X = Y if and only 
if Xf =Yf for every feC?(M). * 


This whole discussion allows us to extend the notion of 
derivation at a point to a derivation on the whole space. 


Definition 3.1.12. Let J be a smooth manifold and @ #WcM 
an open set. A derivation on C”?(W) is a linear map 





Xx :C®(W) > C”(W) 


For the computation, keep in mind 
that the Jacobian is from a change 
of coordinates between the two 
euclidean spaces T’p-1(,,,)M and 
T(u,v)N, where on the first we 

are using the coordinate basis 

{% ‘ ae } and 
C@lF—-l(u,v) CYlF-1(u,v) 

on the second we are using the 


a \ 
(u,v) 


coordinate basis {& 
ou 








tay 


Cc 


2 
(u,v)? 








Clearly all of the definitions above 
hold if instead of M we consider 
open subsets UC M. 


Beware of the ordering: fX € X(M) 
but Xf « C%(M)! 


Don’t confuse this with the deriva- 
tions at a point, which produce 
real numbers. In this case we map 
functions to functions. 
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satisfying Leibniz rule: 
X(f9) = £X(g) + 9X (f). 
% 


Any vector field X ¢ X(W) defines a derivation ¥ via V(f) = 
Xf. In fact the opposite is also true: 


Proposition 3.1.13. Let M be a smooth manifold and @4#Weo 
M an open set. The set of derivation on W and X(W) are 
isomorphic as C”(W)-modules. 


Proof. Suppose 4 is a derivation on C”@(W) and fix p € W. 
Then % defines a derivation on C®(W) at p, which we casually 
denote by X,, via the formula 


Xp(f) = e(f)(p), Vie C?(W). 














We can then think of X asamap W —TW via X +> X,. Since Challenge: count how many times 
X(f) = ¥&(f) by construction, it is a smooth function for all We cabs Haig sthie Leelee Enis 

: . . between derivations at points and 
f ¢ C”%(W) and therefore is smooth as vector field, concluding tangent vectors in this proof. 
the proof. 


Therefore, from now on, we will also interchange deriva- 
tions of C® and vector fields, and call them with capital Latin 
letters. 


3.2 Lie brackets 


Once you have a module, it is worth checking if you can 

get an algebra. Indeed, that is going to be our next objective. 

To this end, we look for a bilinear map X(W) x X(W) > X(W). 
The most natural choice is to just compose the vector fields, 

that is, apply the derivatives one after the other: 


XY := XoY:C”(W) = C®(W),  (XY)(f) := X(Y(f)). 


If this satisfies the product rule, we are done. Let f,geC”(W), 
we have 


(XY)(f9) = X(FY (9) + 9¥ (f)) 
= (F(XY)(g) + (AY )(F)) + (X(AY (9) + X(9)Y(F))- 


Unfortunately for us, this is not a derivation. However, we do 
not seem to be so far off. If we carefully look at the “error”, 
i.e. the term (X(f)Y(g) + X(g)Y(f)), we can observe that it is 
symmetric with respect to X and Y. One way to let it cancel 
out, is to consider the commutator of the two vector fields: 


[X,Y] := XY -YX. 


Indeed, [X,Y] is a derivation. Do not confound Lie with lie. Here 
Lie is the surname of Sophus Lie, an 
important Norwegian mathematician 
that lived in the second half of the 
19th century. 
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Definition 3.2.1. Let X,Y e¢ X(W). We call Lie bracket of X and 
Y the derivation given by their commutator [X,Y] := XY — 
YX. % 


Remark 3.2.2. Note that the Lie brackets are not uniquely 
determined by X,, and Y,: the smooth functions X(f) and Y(f) 
depend on the values of X and Y in a neighbourhood of p. 0) 


Exercise 3.2.3. Show that the Lie bracket [,] of vector fields 
satisfies the following properties. Let X,Y,Z¢ X(M): 


(i) (antisymmetry) [X,Y] = —[Y, X]; 


(ii) (bilinearity) [aX + BY, Z] = a[X, Z| + B[Y, Z] and [X,aY + 
BZ] =al(X,Y]+ BX, Z], for all a, BER; 
(iii) (Jacobi identity) LX, [Y, Z]] + [Y,[Z, X]] + [Z,[X,Y]] =0. 
* 


Proposition 3.2.4. For all X,Y ¢ X(M) and for all f,geC*(M), 
[fX,9Y] = folX,Y] + f(Xg)¥ — o(Vf)X. 


Exercise 3.2.5. Prove the proposition. * 


We will see many applications of the Lie brackets through- 
out the rest of the course, but before doing anything, let’s find 
an effective way to compute it. 


Proposition 3.2.6. Let (U,y) be a chart on M with local coordi- 
nates (2) and let X,Y e X(U). If X = X'.®, and Y = Y*.2; are 


Oxt Oxt 


the coordinate expressions for X and Y, then4 











OY) OXI\N @ 

X,Y) =| xX’ —Y'— =. 

Pa?) ( Ox* Oxt ) Oxd 

Exercise 3.2.7. Prove the proposition. x 

Example 3.2.8. Take the following vector fields on X(R?): 

0 0 0 

xX .— 1 — —- y— Y — 3 = 

(c+ ly Va," "5, 


Then, the previous proposition implies 














000 000 
Pak = ery da dn Oy Ox 
0 3y 0 0 3y 0 
+(e+)y Ox Oy Oy oy 
3 O(a+1)y 0 Oy oe 
a oy Ox Oy oy 
0 
= 35 3y(a4 1)- + "5, 
3 1 2 
= —3(a + ya 


4 Recall Notation 3.1.9! 
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Theorem 3.2.9. Let F: M— N bea diffeomorphism between 
smooth manifolds with or without boundary and let X,Y e€ 
X(M). Then, for all fe C*”(N), 


((F,X)f)oF =X(foF), and F,[X,Y] =([F.X, FY]. 


Proof. By definition, for fe C%(N), X € X(M) and any pe M 


X(f 0 F)(p) = Xp(f o F) 
= dF, (Xp) f _ (FX) roy f 
= (FAX) P)(F(p)) = (Fe X)f) 0 F(p). 
Which proves the first equation. Therefore, 
XY (foF)=X(EY)f oF) = (FaX)(Y)f) 0 F, 
and similarly for YX. Finally, by definition we have 
(Fx[X, Y]f) oF = [X,Y](f 0 F) 
=XY(foF)—-YX(foF) 
= ((FaX)(FRY)f) oF — ((FxY)(FaX)f) oF 











completing the proof. 





Definition 3.2.10. A Lie algebra (over kk) is a real vector space 
g, endowed with a bilinear antisymmetric map 


gxg—g, (v,w) [v,v], 


called Lie bracket, which in addition satisfies the Jacobi iden- 
tity?. The dimension of the Lie algebra is the dimension of g as ° Thus a Lie algebra is a non- 
a vector space associative algebra. 

If gis a Lie algebra, then a linear subspace h c gis called a 


Lie subalgebra if [v, w]e for all v,we bh. .) 


Example 3.2.11. Exercise 3.2.3 shows that the space ¥(/) of 
vector fields on a manifold M is a Lie algebra. Since X(M) is 
a C®(M)-module and C(M) is an infinite-dimensional vector 
space, it defines an infinite dimensional Lie algebra. 

This may seem an alien concept at first, however there are 
many simple examples of Lie algebras. To name a few: 


1. R° with the cross product [x,y] := x x y is a 3-dimensional Lie 
algebra; 


2. the set Mat(n,R) of n x n-matrices with the matrix commuta- 
tor [A, B] = AB — BA is a n?-dimensional Lie algebra, usually 
denoted gl(n, k); 


3. any vector space V turns into an (abelian) Lie algebra by 
defining [v, w] = 0; 
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4. if V is a vector space, the vector space of all linear maps 
from V to itself becomes a Lie algebra, denoted glI(V), with 
the brackets defined by [A,B] = Ao B— BoA. Note that with 
the usual identification of n x n matrices with linear maps 
from R” to itself, gl(R”) coincides with gl(n, R). 


0 


Definition 3.2.12. Let g and h be two Lie algebras. A Lie algebra 
homomorphism is a linear map T : g — § which preserves the 
Lie brackets, i.e. 





(Tv, Tw], =Tlv, wg, Vv,weg. 


A Lie algebra isomorphism is a bijective Lie algebra ho- 
momorphism whose inverse is also a Lie algebra homomor- 
phism. ©) 





In Theorem 3.2.9 we have thus shown that the pushforward 
is a Lie algebra isomorphism! 


3.3 Flows and integral curves 


Once again, a comparison with the euclidean world can open 
the door to a whole new world. Vector fields on euclidean 
spaces give rise to ordinary differential equations (ODEs) and 
to each vector field we can associate a flow, that is, the curve 
that solve the ODE. 

The classical theorems of existence and uniqueness of solu- 
tions of ODEs, then, give us the necessary conditions to ensure 
that such flow exists locally or globally and it is well-defined. 
For a rather detailed account you can refer to [Knal8, Chap- 
ters 3.2 and 3.3] (which you can freely access on SpringerLink 
via the university proxy). 

In fact, if X : U c Rk” — R” is a vector field on an open 
subset U of k”, and 

u(t) = X(u(t)) (3.3) 
is the corresponding ODE, then we have the following implica- 
tions of the euclidean theorems on existence and uniqueness 
of solutions: 


(i) if X is continuous, then for each xz € U there exists « > 0 
and a differentiable curve wu = uw, : (—e,e) > U with 
u,(0) = x that solves (3.3); 


(ii) (Picard-Lindelof theorem) if X is Locally Lipschitz continu- 
ous, then the solution wu, is unique; 


(iii) if X € C?(U,R"), then the solution map vy: (t,x) > (t,2) := 
u(t) is p-times continuously differentiable as a function 
of the initial data, i.e. y(a,-) € C?(U) for all t in the exis- 
tence domain. 


As we are getting used to, the whole theory can be ex- 
tended to manifolds in a quite direct but perhaps surprising 
fashion. 


Definition 3.3.1. Let M7 be a manifold and let X € X(M). A 
smooth curve y: (a,b) C R— M is an integral curve of X if 


7 (t) = Xy(t) Vte (a, b). (3.4) 


Conventionally, we assume that 0 € (a,b). In this case, if 7(0) = 
p, We say that ¥ is an integral curve through p. © 


Exercise 3.3.2. Let (x,y) be standard coordinates on R? and 

let X = & be the first coordinate vector field. Show that 

the integral curves of X are the straight lines parallel to the 
x-axis, with parametrizations of the form y(t) = (t + a,) for 
some constants a,feR. tk 


Example 3.3.3. Let (x,y) be standard coordinates on R? and 
Z= ae —y& on R®. If 7: R — R? is a smooth curve, written in 
standard coordinates® as 7(t) = (a(t), y(t)), then we have 


vo=ae(F,) 





_ dz(t) é | _ dy(t) 0 | 
dt Oxlyt) dt dylyet) 
a é 
a= gl. a, / a 
=) ae ou) ples 
while 
a a 
Zn) = (wor) =|  —voria-| 
a a 
=a(t)—| —-yt)—|. 
a he ul le v(t) 


Therefore, the condition (3.4) for Z and 4, i.e., y/(t) = Zyy, 
translates into 


4 
q! (t) ig / é 


; a 
Bele Say 


= 2(t)— — y(t) — 
a“ Zalt my 


ies Oa ly(t) 


Comparing the components of the two vectors, we see that 
this is equivalent to the system of ODEs 


whose general solution is given by 
x(t) =acos(t)— Gsin(t), y(t) =asin(t)+ Bcos(t), a,BeER. 


Thus each curve of the form y(t) = (acos(t) — @sin(t), asin(t) + 
G8cos(t)) is an integral curve of Z. When a = 8 = OQ, this is 

the constant curve 7(t) = (0,0), otherwise, 7 moves counter- 
clockwise describing a circle. ©) 
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This shows that there is a unique 
integral curve of X starting at each 
point of the plane and that the 
images of any two integral curves 
are either identical or disjoint. 


®In other words, x(t) and 

y(t) are the components of 

the function y : R > R? 

seen as functions R — R, that is, 


Y(t) = (wo y(t), yo V(E)) =: (@(4), w(t) 


Since 7(0) = (a,b), also in this 
case, there is a unique integral 
curve starting at each point (a, 3) € 
R?, and the images of any two 
integral curves are either identical 
or disjoint. 
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Notation 3.3.4. If M is a manifold and (a,b) c R, also (a,b) x M 
is a manifold. Conventionally, for p ¢ M we will denote 2z, : 
(a,b) — (a,b) x M the map i,(t) := (t,p). All the following 
notations will denote the tangent vector in T(;,,)((a,b) x M) 
obtained from ae e TR: 


a) 4. fai\_ 4... , 
Fag) = Mind (= ) = F(t) =i, (0). 


In what follows we may chose any of the above notations 
depending of what we will find more convenient depending on 
the task at hand. 0 


Exercise 2.4.8 implies that in the euclidean case our defini- 
tion (in terms of equality of tangent vectors on T,(,)(M)) coin- 
cides with the euclidean flow (defined in terms of equality of 
real numbers). Alternatively, one can pick a coordinate chart 
and use the pushforward to locally compare the definitions. 

Indeed, if (U,w) is a chart with coordinates’ (2'), let y(t) = 
(71 (t),...,7"(t)) in these coordinates. Then, condition (3.4) 
above can be written as 
— Ml. 

Ox* |+(t) 0x* ly(t) 








2% 








= X‘(y(?)) 


where we use the dot to denote the derivative in ¢ for read- 
ability. These equations can be further rewritten as the sys- 
tem of ordinary differential equations of the same form as (3.3) 


FOH=LOY Occ @) 


y(t) = X"(7"*'(4), --- 7") 
to which we can apply euclidean theorems of existence and 
uniqueness! Note also the terminology here, an “integral 
curve” for X is the curve you obtain “integrating” the system 
of ODE associated to X. 
This immediately implies the following theorem. 


Theorem 3.3.5 (Existence, uniqueness and differentiability 

of local solutions). Let M be a smooth manifold and X e€ 
%(M). For every p¢ M := M\@M, there exists « > 0, an open 
neighbourhood Uc M of pand a unique map y: (—e,€) x U > 
M, (t,p) > y(t,p), such that 


(i) for every pe U, the curve y, : (-€,€) > M,t > »,(t) := 
y(t,p) is an integral curve of X through p, that is, y, = 
Xo yp, and y,(0) = p; 

(ii) for every t € (—e,€), the map y : U > M, p& i(p) := 
y(t, p), is a diffeomorphism from U onto an open subset 
of M. 


Remark 3.3.6. In some text, instead of yy, = X oY», you read 


) = Xo (t,p). 
(t,p) 





F) 
dL (t,p) (= 


7We will soon stop being so verbose 
and just write “in local coordinates 
(on U)” without specifying their 
names unless strictly necessary! 
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This should not scare you since by definition 


A 


oO 


dL (t,p) (5 





) = (904) =e. 


(tp) 


We call the map ¢ a local flow of X. If a local flow is de- 
fined on R x M, we call it a global flow and the associated 
vector field is called a complete vector field. 
Example 3.3.7. Let M =R” and Le X(M) defined by L(p',...,p”) = 
(p',...,p",1,0,0,...,0). Then vy” is a global flow, explicitly 
given as 





ep" (t,p) = (p' +#,p",...,p"). 


Linear motions along a coordinate, like ye, are sometimes 
called linear drifts. © 


Every smooth vector field has a local flow about any point, 
but not necessarily a global flow. 


Example 3.3.8 (A global flow may not exist). Let M/ = R? and 
X= as, Then, the unique integral curve of X starting a (1,0) 


is 
1o= (0). 


Since i, 0 y(t) is unbounded as ¢ — 1, this curve cannot be 
extended past t= 1. 

A somewhat simpler example is given by the vertical lines 
on H? (so a manifold with boundary). These are integral curves 
of as which cannot extend further than the boundary {a7 = 
0}. 0 

Theorem 3.3.5, in particular, implies that if y,6 : (a,b) > M@ 
are integral curves of X with y(t) = d(t) for some te (a,b), then 





y=. 
This justifies the following definition. 


Definition 3.3.9. Let MZ be a smooth manifold and X € X(M). 
For a given p € M, we denote I, = (t (p),t*(p)) CR,0€ I, 
the maximal interval on which the unique integral curve 7, : 
I, — M of X through p is defined. We call such curve 7, the 
maximal integral curve of X through p. ©) 





Remark 3.3.10. It follows from the definition of maximality 
that for any pe M one has 


t* (p(s) =tt(p)—s Vs € Ip. 


% 


Note that J, is typically larger than the domain of definition 
(—e,€) Of y,. By construction y, never leaves the coordinate 
set U over which it was defined, on the other hand 7, can in 
general wander all over the manifold (even though 7, = y, for 
values of t small enough)! 
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Again, theorems about existence and uniqueness of eu- 
clidean maximal flows imply that we can extend y, uniquely 
to a maximal flow. 


Theorem 3.3.11 (Existence and uniqueness of maximal solu- 
tions). Let M be a smooth manifold and X € X(M). There 
exists a unique open set DCR x M anda unique smooth map 
y:D— M such that 


(i) for all pe M one has Dn (Rx {p}) =I, x {ph}; 


(ii) p(t,p) = yp(t) for all (t,p) € D. 


We call » the flow of X. When we want to emphasize the 
vector field X, we will write y*. 


Proof. Both D and y are uniquely identified respectively by (i) 
and (ii), so to prove the theorem one only needs to show that 
D is open and that y is smooth. This is done by applying the 
euclidean theorems to extend the Local flow, finally showing 
that for all p ¢ M andi e JI,, D contains a neighbourhood of 
(t,p) on which y is smooth. 

We are going to omit the details of the proof, the interested 
reader can refer to [Leel3, Proposition 9.12]. The statements 
may seem different at a first glance, but a careful look will 
reveal that he is just taking a slightly different perspective. 

Indeed, if we reverse the roles of ¢ and x, we can define for 
any given t<¢ M the set 


M,:={peM | (t,p)eD}. 


Then Theorem 3.3.11 is equivalent to say that M; is open in 
M, M = vUtsoM:, and there is a well-defined smooth map 
yr: M, — M_; given by 


yr(p) = p(t, p), pe M;. (3.5) 


Which is exactly the claim in [Leel13, Proposition 9.12]. 














Remark 3.3.12. The point of view taken to define (3.5) brings 
to the table a very important fact: y, : M; — M_; is a smooth 
map with smooth inverse (yz)~* = y_41:M_4.—- M:. 
That is, vy; is a diffeomorphism, yo = idaz and, more gener- 
ally, if s,t € R then the domain P of y, o y; is contained? in 8 Equality holds if st > 0, that is, if 
Meat and 5° Yt = Vort in P. they have the same sign. 


For a complete vector field X¥, D=Rx M. 


Exercise 3.3.13. Let M = {x € R? | ||| < 1}. Explicitly find a 
vector field 7 ¢ X(M), the associated maximal flow ¢* :D > 
M and its domain D, so that 


1. Z is complete; 


2. Z is not complete. 


3.4 Infinitesimal generators 


Definition 3.4.1. We denote Diff(/) the set of diffeomor- 
phisms? »: M > M. 

Note that Diff(/) is a group under composition, where the 
identity element is just the identity map. % 


Definition 3.4.2. A one-parameter group of diffeomorphisms? 


is a smooth left R-action on M, that is, a smooth map y : 
R x M — M such that for all s,t¢ R and all pe M: 





y(0,p) =p, 
y(t, p(s,p)) = p(t + 8, p). 


In other words, a one-parameter group of diffeomorphism is 
another name for global flow and the two properties above are 
exactly the group laws. And, indeed, we usually denote the 
map t+> p(t,-) by pr. 

If {yz} is a one-parameter group of diffeomorphisms, then 
we define its infinitesimal generator as the (complete) vector 


field? ‘ 
Xp = dyop) (Flew) (3.6) 


Hence, the flow of X is simply the one-parameter group y;:. 
Always keep in mind that (3.6) is just a “scary” way to write 

Xp := Y,(0) where the role of the differential and the nature of 

the vector field are more explicit. % 





Exercise 3.4.3. Show that the following are one-parameter 
groups of diffeomorphisms and compute their infinitesimal 
generators. 


1. & : ROR, d(a) =at+t 
2. 66: RR, ¢:(x) = etx; 
3. d, : R? > R’, o:(x,y) = (wcos(t) — ysin(t), x sin(t) + y cos(t)). 
* 


The definition above contains the proof of the following 
fact. 


Proposition 3.4.4. Let MJ be a smooth manifold. There is 
a bijective correspondence between one-parameter groups 
of diffeomorphisms (i.e. global flows) and complete vector 
fields. 


Notation 3.4.5. Since by construction 


<ge(p) =X(ylp)), yelp) =p, Ye M, 


it is often convenient to use the exponential notation 


tx 


e = yt, tek, 


to denote the flow of a vector field X. © 
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° Also called automorphisms to 
stress that domain and codomain 
coincide. 


1° 1f you stumble upon a one- 
parameter group action, don’t be 
scared: it is the same exact thing 
where yp is required to be continuous 
instead of smooth. 





4 Or, more compactly, 
Xp = S|,_,¢e(p). 





Figure 3.1: One can think of a flow 
as a sequence of many infinitesimal 
straight motions determined by 

the value of the vector field, that 
is where “infinitesimal generator” 
comes from. We will soon make this 
rigorous. 
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Exercise 3.4.6. Show that the exponential defined above satis- 
fies the following properties 


Ox 


e = idar, (en) _ a, 
etx oek* — gers 

d 

qe (P= X(e*(v)), Ye M. 


Moreover, if X(x) = Az is a linear vector field on k”, i.e., A 
is an x n-matrix, then the corresponding flow y; is the matrix 
exponential y;(x) = e’4z. a 

There are a few cases in which we can guarantee complete- 
ness, let’s have a brief Look. 


Lemma 3.4.7. Let X € X(M) and assume that there exists 
€>0 such that (—e,e) CJ, for all pe M. Then X is complete. 


Proof. Assume that this is not the case, then there is some 
p € M such that either t*(p) < 0 or t_(p) > —oo. Say that 
t*(p) < 00 (the other case is nearly identical). 

Choose to such that t*(p) — to < € and set pp = 7,(to). By 
assumption, 7p,(t) is defined for all t € (—e,¢). Consider the 
curve 
p(t), te Ip, 

Ypo(t —to), |t—to| <e. 


The two definitions coincide on the overlap as 


y(t) = 


Ypo(t — to) = Yr-to (Po) = Pt-to © Yto(P) = Ye(P) = Y(t), 


but y is an integral curve for X through p which is defined on 
(t~(p),to +). Since to +¢€ > t*(p), this contradict the maximality 
of I). 














Corollary 3.4.8. Let X € X(M) be a vector field with compact 
support. The X is complete. 


Sketch of the proof. Use the compactness to pick a finite 
covering of the support, define the Local flow on the covering 
and then pick the smallest ¢« (out of the finitely many). 














Corollary 3.4.9. If Mis compact??, then every vector field has 
compact support. So, every vector field on M is complete. 


In the same fashion as Lemma 3.4.7, one can characterize 
non-complete vector fields. 


Lemma 3.4.10. Let K < M compact and pe K. If t*(p) < ©, 
then there exists 0 < + < t*(p) such that 9,(t) ¢ K for all 
te (7,t*(p)). An analogous statement holds if t~(p) > —o. 


Exercise 3.4.11. Prove Lemma 3.4.10. * 


In other words, a maximal integral curve cannot “end” inside 
a compact set that doesn’t contain boundary points. Thus, if a 
solution does not exist for all times, then it must either run to 
infinity in finite time? or hit the boundary of M. 


12 A compact manifold without 
boundary is called closed manifold. 
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3.5 Normal forms 


A natural question, at this point, is what happens when we 
map integral curves to different manifolds via diffeomor- 
phisms, after all it looks like the mapping to euclidean spaces 
via the charts behaves quite nicely. 


Proposition 3.5.1. Let fF : M — N bea diffeomorphism 
between smooth manifolds, X € X(M) a vector field and 
y:I— M an integral curve of X. Then Foy: I — N isan 
integral curve of F,,X. 

If X is complete, we then have 


Fogt =y)** oF. 


Proof. We only need to show that the two curves satisfy the 
same ODE. 


d( Foy), = dF) ody 
=> dF’y (4) ie} (Xx } ye 


= dF) 0X0 F7'oF 0 ¥(t) 
— 


= (FX) 0 (Fo 7)(t) 
_ (FX) roy(t)- 














Remark 3.5.2. One particularly interesting consequence of 
Proposition 3.5.1 in conjunction with the exponential notation is 
the following: 


d d 
x x X . 8¥ , p-tX 
(e Y), =. exp (se), y), ae 0” oe** oe “*(q), (3.8) 








s=0 


where we are using the definition of integral flow in the first 
equality and (3.7) in the second. This turns out to be rather 
useful for proofs and computations. © 


Exercise 3.5.3. Use Theorem 3.2.9 to show that the Lie bracket 
is the infinitesimal version of the pushforward of the second 
vector field along the flow of the first one, that is, 

0 


[X,¥]], = Ot 





lew Ya (3.9) 


Hint: the identity (F,X)f = X(foF)oF~' anda Taylor expansion 


can help. * 


Remark 3.5.4. Equation (3.9) and (3.8) imply that 





[X,Y], = a ane oe oe'*(q). (3.10) 
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Sometimes to understand what one 


is doing, it may be convenient to 


rewrite things in different forms, 


example | find the following quit 
clarificatory 


eg = Fogt ara) 


for 
e 


(3.7) 
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With this we can show that the Lie bracket of two vector 
fields is zero (i.e., they commute as operator on functions) if 
and only if their flows commute, that is yi o yY = yY o yf for 
all t,seR. 


Proposition 3.5.5. Let MJ be a smooth manifold and X,Y e€ 
X(M). Then [X,Y] =0 if and only if their flows commute. 


Proof. First we show that [X,Y] =0 implies that 
e, *Y=Y VteR. (3.11) 


To this end, we are going to use (3.9) to show that 0 = [X,Y] = 
2) e,'*y implies that £e, *Y = 0 for allt € R(i.e., itis a 


ot 


t=0 
constant map). Indeed, for any t¢, 





fal tx 0 —(t+e)X 0 EX eX 
Ott = Be ata Y= ae re ex, Y 
_tx 0 -” _ 
os S| es a ee ae ee 


(=>) Fix te R. We are going to show that y, := e '* oe8¥ o 
e'* is the flow of Y, i.e. y, = e*’. We can use the previous 
trick, (3.11) and (3.8) to get, for any seR, 








0 0 
— Ys, == e tX g elstoY 3 ex 
os Oe le=0 
A 
Oo 
Soe eo ae ge oe ce oe 
O€ e=0 = ve == 
a eee Ys 
ey 6 Y 


=e. Fae, =Y os. 


That is, e~'* 0 e8¥ o eX = e’Y which is equivalent to the claim. 
(<=) Let fe C”(M), by (3.10) we have 





eo —tX . 48Y 9 tX 
[X,Y]q= per a* eer oie g) 
= cae sY _ 9g 
0s0t lt=s=0 

















Exercise 3.5.6. Let M be a smooth manifolds and X,Y e« X(M). 


Define (ad X)Y := [X,Y]. Use the semigroup property+* 14 We have shown it at the beginning 
of the previous proof! 

O 4x x 

ae Y= e, [X, ¥], 


to deduce the following formal series expansion: 





2 3 


We can finally justify our comment in Figure 3.1: the fol- 
lowing theorem shows that every flow y* admits Local coordi- 
nates on its support which map it into a linear flow. 


Definition 3.5.7. Let 1 be a smooth manifold and X € X(M). 
The support of X is defined as 





supp(X):= {pe M | X,#0ET,M} cM. 


Points p € supp(X) are called regular points of X. The points 

p © M\supp(X), i.e. such that X, = 0, are the fixed points (or 
equilibrium points) of X: for such points the unique integral 
curve through p is y(t) =p for all te R. ?) 











Theorem 3.5.8 (Normal form of a flow away from the fixed 
points). Let M be a smooth manifold, X € ¥(M) and peé 
supp(X) c M. Then, there exists a chart (U,y) with p € U 
such that 

~xX = L, 


where L is the linear drift defined in Example 3.3.7. Thus, 
locally, 


1 


e Hp og, oy. 


Proof. Choose? a coordinate patch (U;, 7) centred at p (so 
w(p) = 0) such that v,.X(0) = (1,0,0,...,0). By continuity of 
WX € X(w(U1)), we can always restrict to a smaller neighbour- 
hood V2 ¢ ~(U;) on which (w,X)'(q) > 5 for all q€ Vo. 

Our objective is to interpolate w,.X on V c Vg and L on VF 
to obtain a new vector field Z on all of R” which is diffeomor- 
phic to L. lf 2: R" > R” is such diffeomorphism, i.e. OL =, 
then » = Qo wis the chart we are Looking for: indeed, on 
U = (V) we have 9X =Q4v,X =0,L = L. 


Interpolated vector field L. LetVic V2 be an open set 
around 0. Pick a cutoff function x ¢ C%(R”) such that x(x) = 1 
for x €U and x(x) = 0 for x € US. Then the interpolating vector 
field is immediately obtained as 


L = y,X + (1—x)Le £(R"). 


Clearly its flow yk is global as IR” has no boundary and the 
regularity of the functions involved implies that no integral 
curve can escape to infinity in finite time. 


Diffeomorphism Q. We will now show that 
— 4 L L 
Q= tim P-t° Pt 
exists and defines a diffeomorphism such that 0,1 =L. Since 


by construction (vi (q))! > qi +4, every integral curve leaves 
V2 after a finite time. So, on compact sets K c kR”, there is 
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1 This can always be done via a 
parametrisation of the hyperplane 
transversal to X by (x?,...,a”) = 
(0,...,0), where the (x) denote the 
local coordinates. Cf. Example 3.5.9. 




















(Caper a) 
> 
——— ee | 
—> ~~ ss 
—~> in 2 oe 
———_>_ Saas Lee —— 
—>-_/- s- -_ 2 -\ 
P ef 
—>— |->- L »---|—F— 
7 sae —>—_ 
ae AeGy 
Be 
—> 
SSS ——_— 
wm 
L Ue X L 


It is interesting to compare 2 with 
the so called Mgller transformations 
in scattering theory (cf. [Knal8, 
Chapter 12.2)). 
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a finite time to(A) after which the limit is attained (can you 
explain why?): 
tim 9210 Pi] = Pate © Plo: 
Thus, 2 is a well-defined diffeomorphism. Moreover, 
Qo yk = lim vk, opkoyt 
80 


= lim wo. 0 uv 
im Ps Pstt 


I 


lim yt, oph oy? 
TOO 

= lim yi’ 0 pH, 0 py opr = Hi 0, 
and therefore the flows are diffeomorphic. In particular, we 
also have yy = Q-!ovG,). Differentiating this last equation we 
get 


(L 2: ey = dps 
= dF; ody) 


Q(x) 


=407 8(250" am), 


Q(x) 





which, at t= 0, gives L =dQ-!o LoN=Q7'L. 











Example 3.5.9. Let Z = «£ — y on R° be the vector field 
from Example 3.3.3, where we already computed its flow. 
The point (1,0) € R? is a regular point of Z, since Zi1,0) = 


fo # 0. Since Z has a nonzero y coordinate, we can con- 


oy 
sider ehe as the transversal “hypersurface”, a line in this case, 
the x-axis, parametrised by H(s) = (s,0). We can then define 
the map W(t,s) = y; 0 H(s) : R? — R? where y; is the flow of 
Z, it turns out that then the coordinate map would just be the 
inverse of W. 

In this case: W(t, s) = yz(s,0) = (scost,ssint). Solving locally 
for (t,s) as functions of x and y we get, in a neighbourhood of 


(1, 0): 
(t,s) = U1 (a, y) = (arctan(y/a, Var + y?) : 


In this new coordinates, which are just polar coordinates La- 
belled with different symbols, you can directly check that 


Z = £ as claimed. © 


Remark 3.5.10 (Linearisation of a vector field at a fixed point). 
Away from the fixed points, the previous theorem tells us that 
the flow is locally linear. Near a fixed point we can describe 
the flow in terms of the linearisation of the associated vector 
field. 

lf X € X(M) and po € M with X,, = 0. On a chart ¢ centred 
at po with local coordinates (2*), let X= (xX. Then we have 


X, = Xo +dXoax + O(\2|?) = dXox + O(a). 
ad 
=0 


Close to « = 0 we can thus approximate X, by its linearisation 
dXov. Qualitatively, the behaviour close to the fixed point is 
determined by the eigenvalues?® of dXox and their geometric 
multiplicities (cf. [Leel13, Figure 9.8]). This is the same as you 
have seen in the euclidean case [Knal8, Chapter 5.3]. o 


Exercise 3.5.11. Let M = R? with coordinates (q,p) ¢ R? and He 
C™(R?). Discuss the possible local behaviour near the fixed- 
points of the following types of vector fields by considering 
their linearisation: 


. gradient flows Xc(q,p) — (3 (q a 


sede 5H?) 
* hamiltonian flows Xy(q,p):= | i) 


Sketch in all cases the vector field and the Local flow. * 


For simplicity in the rest of the course we will discuss 
only global flows. But keep in mind that all results hold 


also for local flows as long as one restricts the domains 
appropriately. 
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16 Note that thanks to the compati- 
bility conditions, the linearisations 
of X at different charts are similar 
matrices, and thus the spectrum of 
dXox is independent of the choice 
of local coordinates. 


4 
Lie groups and Lie algebras 


In the previous chapter we have briefly touched upon the no- 
tion of Lie algebras. A strictly related notion, we will see in 
which sense, is the notion of Lie group. There are mathemat- 
ical objects that are pervasive in mathematics, even outside 
the realm of differential geometry, and in physics, where they 
play an important role in classical mechanics, and in high- 
energy physics?. 

The theory of Lie groups and Lie algebras is vast, and in 
these lectures we will just briefly scratch the surface. 


4.1 Lie groups 


Definition 4.1.1. A Lie group G is a smooth manifold (without 
boundary) that is also an algebraic group, with the property 


that the multiplication map w: Gx G—G, w: (g,h) > gh, and 


l gre smooth. 


the inversion mapu:G—>G,t: greg” 
Example 4.1.2. 1. IR” is a Lie group under addition. 
2. R”\{0} is a Lie group under multiplication. 


3. A manifold can be equipped with different Lie group struc- 
tures. For example, the following map 


u(z,y) =(a' +y', 2? +y?, 2 +y? +21y) 


induces? an alternative structure of Lie group on R” called 


Heisenberg group. 





4. The set GL(n) of invertiole n x n matrices is a Lie group 
under matrix multiplication. Indeed, it is a manifold of di- 
mension n?, the product is smooth since each matrix entry 
is given a polynomial and the inversion is smooth thanks to 
Cramer’s rule [Leel3, Proposition B.36]. 


5. The n-torus T” = R”/Z” is an abelian Lie group with the 
group structure induced by addition on k”. 


You may have heard of the cele- 
brated Noether’s theorem, which 
states that every smooth symme- 
try has a corresponding conserva- 
tion law 

Does gauge theory ring any bell? 


3 To see that this defines a group 
structure, identify R? with upper 
triangular 3 x 3 matrices via 


1 2 2 
x =(a',27,23)4 0 1. 2 
0 O 1 


and observe that m becomes the 
standard matrix multiplication. 
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6. Given Lie groups (Gi,...,G,), their direct product is the 


product manifold G; x--- x G, with the group structure given 


by 
(915-++)9k)(ha,..+, he) = (grha,.-. gehe) 


is a Lie group (why?). 


7. Not all smooth manifolds can be equipped with a Lie group 


structure: for example, S” admits a Lie group structure only 


for n=0,1,3. 


Definition 4.1.3. A Lie group homomorphism Ff: G > Hisa 
smooth map which is also a group homomorphism. It is called 





% 


Lie group isomorphism if it is also a diffeomorphism, which im- 





plies that it has an inverse that is also a Lie group homomor- 
phism. In this case we call G and H isomorphic Lie groups. 


% 


Example 4.1.4. It turns out that you know plenty of examples 


of Lie group homomorphisms. 


1. The map exp: K — R, is a Lie group homomorphism. The 


image of exp is the open subgroup Kk, and exp: R— ky, isa 


Lie group isomorphism with inverse log: ki —R. 


2. The map « : R — S! defined by «(t) = ec?” is a Lie group 
homomorphism whose Kernel is Z. Similarly, the map e” : 


R” — T” defined by e*(x!,...,2") = (e2"" |... e?t") is a Lie 


group homomorphism whose kernel is Z”. 


3. The determinant function det : GL(n) > R\{0} is smooth 
since det is a polynomial in the entries of the matrix and it 


is a Lie group homomorphism since det(AB) = det(A) det(B). 


Definition 4.1.5. If Gis a Lie group, for any element g € G, we 
denote by L, : G — G the left translation and by Rg :G—-G 
the right translation, respectively defined 








L,(h) =gh and R,(h) =hg. 


These are both diffeomorphisms, since they can be de- 
scribed by a composition of smooth maps. For instance, 


GoGxG>G. 
ho (g,h) > gh 


Moreover, L,-1 is the inverse of L,. Similarly for R,. 


Remark 4.1.6. For convenience, we will only consider left 
translations. There is nothing wrong with right translations 
and, in fact, you can reformulate all the results that follow in 
terms of them. 


% 


% 


The fact that translations are 
diffeomorphisms of the groups 
onto itself is crucial, it implies 

that the group looks the same 
around any point. Indeed, they are 
homogeneous spaces. To study the 
local structure of a Lie group, as 
we will see soon, it is enough to 
examine a neighbourhood of the 
identity element. 
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The next theorem is important for understanding many of 
the properties of Lie group homomorphisms. 


Theorem 4.1.7. Every Lie group homomorphism has constant 
rank. 


Proof. Let F': G — H be a Lie group homomorphism and let e 
denote the identity element of G. 

Fix ge G. We will show that F has the same rank at g as its 
rank at e. Since F' is a homomorphism, for all he G we have 


F(Lq(h)) = F(gh) = F(g)F(h) = Leg (F(h)), 


that is, 
Fol, = Lrg) 0 F. 


Differentiating both sides at e and using the chain rule, this 
reads 
dF, 12) d(Lyg)e => d(LF(g)) F(e) [e) dF.. 


Since the Left translation is a diffeomorphism, both d(L,). and 
d(L(g))F(e) are isomorphisms, and as such they preserve the 
rank. From this, it follows that dF, and dF. have the same 
rank. 














The global rank theorem then immediately implies the fol- 
lowing corollary. 


Corollary 4.1.8. A Lie group homomorphism is a Lie group 
isomorphism if and only if it is bijective. 


Definition 4.1.9. Let G be a Lie group. A Lie subgroup of G is 

a subgroup H c G endowed with a topology and a smooth 
structure that make it at the same time a Lie group and an 
immersed submanifold of G. o) 


Example 4.1.10. This means for example that the set GL*(n) 
of invertible matrices with positive determinant is a Lie sub- 
group of GL(n). » 


It turns out that embedded submanifolds are automatically 
Lie groups. In fact more than that. 


Theorem 4.1.11 (Closed subgroup theorem). Let G be a Lie 
group and suppose H is any subgroup of G. The following are 
equivalent: 
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1. H is a closed subgroup?; 4That is, H is a closed subset of G. 


2. H is an embedded submanifold of G; 
3. H is an embedded Lie subgroup of G. 


The proof of this theorem is not hard, but especially prov- 
ing the equivalence of the first two claims is rather involved, 
so we will skip it. For a proof, look at the corresponding sec- 
tion in [Lee13, Chapter 20]. 
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Example 4.1.12. Let O(n) c GL(n) denote the set of orthogo- 
nal matrices®, then O(n) is closed in GL(n) and by the previous 
theorem is a Lie subgroup. You have proven this when you 
solved Exercise 2.8.26. © 


Exercise 4.1.13. For this exercise is useful to remember that 
we can identify the space Mat(2,R) of 2 x 2-matrices with R* 


Z11 «12 


by associating the matrix X = with the point 


T2122 
(111, ©12, 721, ©22) € R*. 
1. Show that the set 
SL(2) := SL(2,R) = {Ae Mat(2,R) | det A = 1} 
is a 3-dimensional smooth submanifold of Mat(2, R). 


2. Let e € Mat(2,R) denote the identity matrix. Show that 
T-SL(2) = {Ae Mat(2,k) | tr A=0}, 


where trA denotes the matrix trace, i.e., the sum of the 
diagonal entries of A. 


3. Let v: SL(2) + SL(2) be the map (A) = A~t. Show that x is 
smooth. 


4. Show that di. : T-SL(2) > T.SL(2) is given by di.(A) = —A. 


In fact, some parts of the Exercise 4.1.13 above are in- 
stances of a them more general statement of Exercise 4.1.14. 


Exercise 4.1.14. Let G be a Lie group. 


1. Let uw: Gx G — G denote the multiplication map. Use 
the identification T(...)(G x G) ~ T.G x T.G to show that 
di(e,e) : TeG x TeG > T.G is given by 


Hint: compute dyie,-)(X,0) and dyiie,.)(0, Y) separately. 


2. Let 1 : G — G denote the inversion map. Show that di, : 
T.G — T.G is given by di-(X) = —X. 


4.2 Lie algebras 


We are finally ready to see how Lie groups and Lie algebras 
ended up being related. 


Since the closed subgroups of 
GL(n) play a special role in Lie 
groups theory, they have their own 
name: they are the called matrix 
Lie group. 

> That is, A such that AAT = J. 
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Definition 4.2.1. Let G be a Lie group. We define the Lie 
algebra of G, usually denoted g, as the tangent space to G Sometimes you find Lie(G). 
at the identity element e: 
g:= TG. 
0 
Of course, for this definition not to be completely insane, 
the Lie algebra of a Lie group better be a Lie algebra also in 
the sense of Definition 3.2.10. We are going to prove this very 
soon, but let’s first look at some examples. 
Example 4.2.2.1. The Lie algebra of GL(n) is gl(n) ~ Mat(n, R). 
2. The Lie algebra of O(n) is o(n) = {Ae gl(n) | A+ A? =O}. You 
have shown it in Exercise 2.8.26. 
3. Can you guess what is the Lie algebra of SL(2) from Exer- 
cise 4.1.13? 
0 
Exercise 4.2.3. Show that the Lie algebra of 1” is IR”. 
Hint: using the fact that T(M x N) ~ T(M) x T(N) and look at 
what happens in the case n= 1. * 
Before proceeding we need to introduce some more nota- 
tion. 
Definition 4.2.4. Let G be a Lie group. A vector field X € £(G) 
is called left-invariant if That is, if for all g,h €e G we have 


d(Lg)nXn = Xon- 
(Lg)eX =X VgeG. a a 

Indeed, 
We denote the set of left-invariant vector fields by ¥,(G) c 


and only if Xo L, =d(Lg)o X. 
x(G). © : , 


Proposition 4.2.5. Let G be a Lie group and X,Y € X,(G). 
Then [X,Y] € €,(G) and, therefore, ¥;(G) is a Lie subalgebra 
of X(G). 


Exercise 4.2.6. Prove the proposition. * 


Remark 4.2.7. The Lie algebra of all smooth left-invariant 
vector fields on a Lie group G, which we denoted ¥;(G) and is 
a subalgebra of X(G), is also called the Lie algebra of G. In the 
next theorem we are going to see that this is isomorphic to 
the one defined above in terms of tangent at the identity. 0) 





A fundamental difference with the Lie algebra of vector 
fields is that ¥,(G) is finite dimensional. 


Theorem 4.2.8. Let G be a Lie group. The evaluation map 
eval: X,(G) > T.G, eval(X) = X-, 


is a vector space isomorphism. Thus, ¥,(G) is finite dimen- 
sional with the same dimension as G. 
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X = (Lg)xX =d(Lg) 0X 0(Lyg)! if 
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Proof. Linearity. Immediate (why?). 


Injectivity. Follows immediately from the left-invariance: if 
eval(X) = X, = 0 for some X € ¥;(G), then the left-invariance 
of X implies that X, = d(L,).(X-) = 0 for every g € G, thus 
X =0. 


Surjectivity. Fix an arbitrary v € g = 7.G and define the map 
L:.G—TG by 


By construction, v” satisfies the section property®, since 
A(Lg)e: TeG > TyG. 


* vu’ is a vector field: we will show that of f := v"(g)f is 
smooth for any f € C%(G). To this end, pick a smooth curve 
7 : (—e,€) > G such that y(0) = e and y'(0) = v. Then, for any 
g€G we have 


If we define y : (—d,5) x G > R by v(t,g) = foL,o x(t) = 
f(gy(t)), the computation above shows that ud f = (0,9). 
Since y is the composition of smooth functions, it is smooth, 
and thus vw” f is smooth. 


* uv” is left-invariant. Indeed, for any g,he G, we have 


d(Lg)n(v"(h)) = d(Lg)n o d(Ln)e(v) 
(Lg ° Ln)e(V) 
(Lgn)e(v) 
ye 


(gh). 


d 
d 
=d 


Thus v’ € X,(G). Since eval(v”) = v’(e) = v, the map eval is 





surjective, concluding the proof. 











Corollary 4.2.9. Let G be a Lie group of dimension n. Then its 


Lie algebra is a Lie algebra of dimension n. 


Proof. We just need to define a Lie bracket on g. But this is 
easier done than said: using the notation of the previous theo- 
rem, set 

[v, w] := eval([v”,w*]), VWo,weg. 














Another immediate consequence of this proposition is that 
every left-invariant vector field is complete, which immedi- 
ately makes them all parallelizable. 


®If you don’t know what we are 
talking about, have another look at 
Definition 3.1.1. 
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Proposition 4.2.10. Let G be a Lie group and ve ¥,(G). Then v 
is complete. 


Exercise 4.2.11. Prove the proposition. 


Hint: extend a curve starting at e to a curve Starting at g. * 


Corollary 4.2.12. Every Lie group admits a smooth global 
frame of left-invariant vector fields, and therefore every Lie 
group is parallelizable. 


Proof. Every basis for X,; is a left-invariant smooth global 
frame for G. 














Just as we can view the tangent space as a “linear model” 
of a smooth manifold near a point, the Lie algebra of a Lie 
group provides a “linear model” of the group, which reflects 
many of the properties of the group. Because Lie groups have 
more structure than ordinary smooth manifolds, it should come 
as no surprise that their linear models have more structure 
than ordinary vector spaces. Since a finite dimensional Lie al- 
gebra is a purely linear-algebraic object, it is in many ways sim- 
pler to understand than the group itself. Much of the progress 
in the theory of Lie groups has come from a careful analysis 
of Lie algebras. 


Proposition 4.2.13. If F : G — A is a Lie group homomor- 
phism, then there is a map Fy : g — § which is a Lie algebra 
homomorphism. We call this map, the induced Lie algebra 





homomorphism. 





Proof. Let v € g and let v” € ¥,(G) denote the unique left- 
invariant vector field satisfying uv’ = v. Let w := dF. (v) =: F*u 
and w’ € ¥,(H) as above. It is enough to show that weg) = 
(F*u"), =dF,V," for all ge G. 
Indeed, we have 
dF, (vz) = dF, 0 d(Lg)e(v) 

= d(Lr(g)) F(e) ° dF.(v) 

= d(Lr(g)) F(e) (w) 

mers: 

gy 
The result then follows from Theorem 3.2.9. If v1,v2 € g and 
w; = F*v;, i =1,2, then 


dF.[v1, v2] = [w1, w2]. 














An immediate consequence of this proposition is the follow- 
ing. 


Corollary 4.2.14. Let H CG be a Lie subgroup. Then h is a Lie 
subalgebra of g. 
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Proof. Use the inclusion 7: H — G as the homomorphism, then 
die: =T.-H > g =T.G is the Lie algebra homomorphism. 














If we go back to the example of GL(n), now we have two 
possibly different Lie brackets on gl(n) = Mat(n,R): the one 
coming from the previous corollary and the matrix commuta- 
tor. The next result, which we will not prove, shows that they 
coincide. 


Proposition 4.2.15. The Lie bracket on gl(n) is given by the 
matrix commutator. Therefore, if G is a matrix Lie group, the 
Lie bracket on g is also the matrix commutator. 


In fact, the correspondence between Lie subgroups and Lie 
subalgebras goes both ways. 


Theorem 4.2.16. Let G be a Lie group with Lie algebra g. If 
is a Lie subalgebra of g, then there is a unique connected Lie 
subgroup H of G whose Lie algebra is h. 


We close this section by stating a deep algebraic result 
about Lie algebras, whose proof is way out of our reach. 


Theorem 4.2.17 (Ado’s theorem). Let gl(V) denote the Lie 
algebra of linear maps from a finite dimensional vector space 
V to itself. Every finite-dimensional real Lie algebra g admits 
a faithful finite-dimensional representation, that is, there 
exists an injective Lie algebra homomorphism F': g > gl(V) ~ 
gl(n,R) for some finite dimensional vector space V. 


4.3. The exponential map 


We have seen that there is a tight relation between flows and 
exponentials, so much so, that we started using formally the 
exponential notation to denote flows of vector fields. With Lie 
groups and Lie algebras, we will bring the construction to the 
next level, properly formalising the construction. 


Definition 4.3.1. Let G be a Lie group with Lie algebra g. We 
call a one-parameter subgroup of G a Lie group homomorphism 
R—G. > 





Given the introduction, the following theorem should not 
come as a Surprise. 


Theorem 4.3.2. Let G be a Lie group. The one-parameter 
subgroups of G are precisely the maximal integral curves of 
left-invariant vector fields starting at the identity. 


Proof. (<=) Suppose that y is the maximal integral curve 
for some v € X,(G) starting at the identity e. Proposi- 
tion 4.2.10 implies that y is defined on all Rk. Since L, is a 


See [Leel13, Proposition 8.41] for 
reference. 


See [Lee13, Theorem 8.46] for 
reference. 


There is a strict relation between 
one-parameter groups of diffeo- 
morphisms and one-parameter 
subgroups of a Lie group. We will 
not discuss it here, just be aware 
that - in some sense - it mimicks 
what we are exploring here in the 
setting of infinite-dimensional Lie 
groups. 


lie groups and lie algebras 


diffeomorphism for all ge G and v is left-invariant, by Propo- 
sition 3.5.1 L, maps integral curves of v to integral curves 
of v (why?). If g = y(s) for some s, the curve t +> L..)(7(t)) 
is an integral curve starting at 7(s). By the group property 
of the flow, also t+> (t+ s) is an integral curve starting at 
y(s), So they must be equal. That is, for all s,te R, 


y(s+t) = 1(s)7(2). 
Which implies that y: IK — G is a one-parameter subgroup. 
(= >) Let now 7: R — G be a one-parameter subgroup and 


v = 7(0) € g. The claim is that 7/(t) = v”(y(t)). Since 
¥(s) V(t) = V(s + t) = Lyay(7(s)) we have 


1@= = 


Ss 





t+ 
ono! s) 


d 
= aa oe 1) (y(s)) 


= (dL 4)) (0) (7 (0)) 
= (dL(t))e(v) = v" (y(t). 





Again, due to uniqueness of the integral curves, we obtain 
the claim. 














If we write 0? := ye : G > G for the flow of v”, then by 
definition ~” = O7(e). 

Note that the trick employed in the proof above, can be 
used also to show the following. 


Lemma 4.3.3. For any s,t € Rone has y"(st) = y*"(t), where 
we used the superscript to specify the generator of the sub- 


group. 


Proposition 4.3.4. Let G be a Lie group with Lie algebra g. Let 
y:R— G be a smooth curve with 7(0) =e and 7(0) =veg. 
Then the following claims are equivalent: 


(i) y is a one-parameter subgroup; 


(ii) y(t) = y’(t) is the one-parameter subgroup generated by 


VU, 
(iii) the flow ©? of uv” is given by O? = Ry). 


Proof. We have already seen (i) = (ii). To see (iti) = (77) 
observe that the first implies y°(t) = O7(e) = Rye = y(t). 

Finally, assume (ii) holds and fix g € G. Since v* is Left- 
invariant, gy” = L,0 y” is another integral curve of v” starting 
at g, thus, again by uniqueness of integral curves, we have 
Ry (g) = gy (t) = OF (g). Which implies (iii) by the arbitrari- 
ness of g. 
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Given v € ¥,(G), the one-parameter subgroup 7” deter- 
mined by v in this way is called the one-parameter subgroup 
generated by v. Because left-invariant vector fields are uniquely 
determined by their values at the identity, it follows that 
each one-parameter subgroup is uniquely determined by its 
initial velocity in 7.G, and thus there are one-to-one correspon- 
dences: 





{one-parameter subgroups of G} — X,(G) - T.G. 


The exponential map, is the map that will allow us to dissi- 
pate some of the mystery around these isomorphisms. 


Definition 4.3.5. Let G be a Lie group and g its Lie algebra. We 
define the exponential map of G as the map 





exp:g—>G, X+ (1), 


where 7¥ is the one-parameter subgroup generated by X or, 
equivalently, the integral curve of X starting at the identity. 


0 


Exercise 4.3.6. Let G be a Lie group. For any X € ¥;(G), 7(s) = 
exp(sX) is the one-parameter subgroup of G generated by 
Xx. * 


Example 4.3.7. Proposition 4.3.13 shows that the exponential 
map of GL(n) is given by exp A = e4. This is where its name 
originated. © 


This is a corollary of the properties of flows, of group prop- 
erties and of the previous propositions. 


Proposition 4.3.8. The exponential map exp: g > G satisfies 
the following. For all s,teRandveg 


1. exp is smooth; 

2. exp((s+t)v) = exp(sv) exp(tv); 

3. exp(—v) = (exp(v))*; 

4. exp(tv) = y(t); 

5. the flow 0? of uv” is given by OF = Rexpitu): 


The following property, on the other hand, deserves a bit 
more care. 


Theorem 4.3.9. The exponential map exp : g — G is smooth. 
Moreover, up to the canonical isomorphism Tog = g, the differ- 
ential dexpy at Neg is the identity. 


Proof. Smoothness. We need to show that Of(e) depends 
smoothly on v. This is not covered by our previous analysis of 
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flows, but can be via the following trick. Define a vector field 
yonG x g by 


V(gv) = (v7, 0) € TyG x Tyg ~ Tig,v)(G x 9). 


Clearly v satisfies the section property, so for it to be a 
smooth vector field, we only need to show that it is smooth. 
Pick any basis (X1,...,X,) for g and let (x’) be the correspond- 
ing global coordinates for g defined by (x’) +> «’X;. For any 
f ¢ C%(G x g) and givenave g, let f, := f(-,v): Go R 
denote the smooth function defined by regarding v as fixed. 
Then 9.4) f = Ue (g): 

Since v’ depends linearly (and thus smoothly) on v and f 
is smooth in both g and v, the expression (g,v) > vv f(g) is 
smooth in both arguments. This confirms that 1, .,,) is a vector 
field and, therefore, its flow ©”, which by Proposition 4.3.4 is 
given by 


OF (9) = (gexp(tv),v), (t,g,v)ERxGxg, 


is smooth. In particular, ©; (e) = (exp(-),-): g > G x g is smooth 
and therefore exp itself is. 


The differential dexp,y. We want to show that the following 
diagram commutes 


Tog 





dexpp ———> g 


where 79 : g > Tog is the map from Exercise 2.4.8. Let uv € g, 
then 7o(v) = 0’(t) where 6(t) = tv. Thus we have 


deXPo(Tov) = (exp od)’ (0) 
d UV 
= Flicy Ox) = GO =” 
which completes the proof. 














Corollary 4.3.10. The exponential map is a diffeomorphism of 
some neighbourhood of the origin in g onto its image in G. 


Finally, Let’s investigate how the exponential map behaves 
with respect to Lie group homomorphisms. 


Proposition 4.3.11. Let G and H be Lie groups with Lie al- 
gebras g and respectively. If F : G — H is a Lie group 
homomorphism, the following diagram commutes: 


i) 
|e 
A 


Fx 
——> 
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Proof. We need to show that exp(F,v) = F(exp(v)) for every 
uv €g. Instead, we will show the stronger result that for all t€ 
R, exp(tF,v) = F(exp(tv)). The Left-hand side is the subgroup 
generated by Fv, thus if we put y(t) = F(exp(tv)), it is enough 
to show that y : R — 4H is a Lie group homomorphism such 
that 7/(0) = (Fyv)-. A composition of homomorphisms is a 
homomorphism, therefore t + F(exp(tv)) is a one-parameter 
subgroup of H. For the initial velocity, observe that 


(F 0 exp)/(0) F(exp(tv)) 


=< 
~ dtltr=o 


d 
=dFo (Fl exp(te)) 


= dFo(ve) = (Fxv)e- 














The complete formula is called 


Remark 4.3.12. Note that it we have not shown exp(X + Y) = Baker Campbell-Hausdort? tor: 





(exp X)(expY). In fact, this is false in general. As a matter of mula and its use appears all over 
fact, exp X exp Y = expZ where the place in mathematics and 
’ physics [BF12]. 
1 1 1 
Lek $Y + XY) + 2/4, |4,¥]=— ly, oY] et, 
2 12 12 
with the ... indicating terms involving higher commutators of 
X andy. v) 


The one-parameter subgroups of GL(n) follow nicely from 
the results introduced above. Let A € gl(n). Using its identi- 
fication with X(GL(n)) we can think of the matrix A as the 
left-invariant vector field A”. That is, the one-parameter sub- 
group generated by A is the integral curve of A” on GL(n) 
starting at e. This is a good place to see where the right shift 
is coming from. 

Let A = (A‘) and let (X/) denote the global coordinates on 
GL(n) given by the matrix entries. Then the natural isomor- 
phism TigGL(n) ~ gl(n) is given by the mapping 

; 0 
"OX 








a (45). 


Thus, if you remember that v/|, = d(L,)-(v), the left-invariant 
vector field A” is given by 








ice = i_@ 
A” |x = d(Lx)ig(A) = d(Lx)ia [ ss) ; 
and, thus, in coordinates, its value at X € GL(n) is 
, 0 
PAL, 
‘7 OX} 


Which means that the condition to be an integral curve, in 
coordinates, is 4+'(t) = 7j,(t)A* or, in matrix notation, 7/(t) = 

; ; tA At : 
y(t)A. By using the expansion e’* = pape, 47 one can verify 
that such y is exactly the matrix exponential. 


We can summarise’ this as follows. 7One should also prove conver- 
gence, if you are curious about the 
details you can refer to [Lee13, 
Proposition 20.2]. 
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Proposition 4.3.13. Let A © gl(n), then the one-parameter 
subgroup of GL(n) generated by A is 


exp(tA) = e*4 = 


Corollary 4.3.14. Let G be a matrix Lie group with Lie algebra 
g- Then the exponential map exp : g > G is given by matrix 


exponentiation: exp A =e“. 
This uncovers the structure behind 
the structure you encountered in 


Exercise 4.3.15. The one-parameter subgroups of O(n) are the ey ercise ROE. 


maps of the form e’4 for arbitrary skew-symmetric matrices 
A. In particular, this shows that the exponential of any skew- 
symmetric matrix is orthogonal. * 


Exercise 4.3.16. Let G a Lie group and g its Lie algebra. For 
any X,Y eg, there show the following results. 


1. For some « > 0, there is a smooth function Z : (—e,€) > g 
such that, for all ¢ € (—e,€), 


(exptX)(exptY) = exp(t(X +Y)+t?Z(t)). 


2. For some « > 0, there is a smooth function Z : (—e,e) > g 
such that, for all ¢ € (—e,€), 


(exptX)(exptY) = exp (ux +Y)+ sex, Y]+ 620) ‘ 


Hint: Taylor expansions and Exercise 4.1.14 can help for this exer- 


cise. * 


The study of Lie groups acting on manifolds, opens a whole 
world of interesting topics, spanning across all fields of mathe- 
matics. We will not enter into the details here, however | want 
to leave you the main definitions. 


Definition 4.3.17. Let G a Lie group and let M/ be a manifold. 
We call left action of Gon M asmoothmap/:Gx M— M 
such that 





E(gh,p) = &(g,(h,p)), ee, p) = p 
for all g,h € Gand p e M. For any fixed g € G, the map 
p> (g,p) is a diffeomorphism of M, which is usually denoted 
£,. Analogously, we call right action of Gon M a smooth map 
p:MxG-—M such that 





p(p, gh) = p(p(p,9),h), p(p,e) =p 


for all g,h € Gand p e€ M. For any fixed g € G, the map 
p> p(p,g) is a diffeomorphism of M called orbit map, which is 
usually denoted p? or (p,g) > p-g. 0) 


There are many interesting types of Lie group actions. | am 
going to mention one here, which occurs when the action of 
G on M is transitive. In this case 17 becomes a homogeneous 
space and is diffeomorphic to the quotient G/H for some Lie 
subgroup HcG. 
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Exercise 4.3.18. Let G be a Lie group with Lie algebra g. For 
each g € G, the differential at the identity of the conjugation 
map Cy := L,0 Rj: G— Gis a linear isomorphism Cy, : g > g. 
Hence, Cy, € GL(g). 


1. Show that the map Ad: G > GL(g) defined Ad(g) = Cy, and 
called adjoint representation of G is a group homomorphism. 





2. Show that Ad: G > GL(g) is smooth. 


* 


We will come back to discuss Lie groups and Lie algebras in 
the appendix on distridution theory and Frobenius theorem. 


5 
Cotangent bundle 


5.1 The cotangent space 


The dual of a vector space should be a well-known con- 
cept from linear algebra. We recall it here just for the sake of 
convenience. 


Definition 5.1.1. Let V a vector space of dimension n € N. Its 
dual space V* := L(V,R) is the n-dimensional real vector space 
of linear maps w : V — R. The elements of V* are usually 
called linear functionals and for we V* and ve V it is common 
to write 





w(v) =: (w,v) =: (w | v), 
even if the dual pairing (w |v) is not a scalar product. % 


Remark 5.1.2. Note that a scalar product ¢,): Vx V —> R 

on a vector space V provides a natural identification of V and 
V* via the map V 3 v & (,-) =: w(-) € V*. Even though 
dim V = dim V* in any case, without the scalar product there is 
no such canonical isomorphism. ©) 


In the previous chapter we defined the tangent space as 
a special vector space over each point in a manifold, which 
nicely fits in the requirements above. 


Definition 5.1.3. Let M/ be a differentiable manifold and p ¢« 

M. The dual space TM := (T,M)* of the tangent space 

T,M is called the cotangent space of M at p. The elements of 
TM are called cotangent vectors, covectors or (differential) 
1-forms at p. 0) 








For a function f : R” — R, we usually consider the gradi- 
ent V f(z) at a point x to be a vector. On a manifold however 
things a slightly different. 


Example 5.1.4 (The differential of a function). Let f ¢ C°(M). 
Let’s look carefully at its differential: 


dfp :T)M > Trp R~R 
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is a linear function from the tangent space to k. In other 
words, df, « Ty M. 0) 


Whereas tangent vectors give us a coordinate-free interpre- 
tation of derivatives (of curves), it turns out that derivatives 
of real-valued functions on a manifold are most naturally inter- 
preted as cotangent vectors. 

Indeed, we saw that the action of df, on a tangent vector 
v€T,,M can be interpreted as the directional derivative of f at 
p in the direction v and, by using Definition 2.5.6, we have 


a4 (y(t) 


t t=0 


for some curve y with 7(0) = p and 7(0) = v. We also know 
that the equation above can be rewritten by thinking of v as a 
derivation, giving 


dfp(v) = v(f). 


That is, we can think of the dual pairing (df | v) in a twofold 
way: 


* as a linear action of the covector df on the vector v; 


* as the linear action of the vector v as a derivation operating 
on the function f. 


é 


Notation 5.1.5. In analogy to the notation =— a that we used 
for tangent vectors, when convenient we may write df|, in- 
stead of df,. 0 


To Look more concretely at differential forms, let’s compute 
its coordinate representation. Let (U,(z’)) be a chart on M”. 
Since the coordinate functions x’ ¢ C”(U) are smooth real 
valued functions, we can define the corresponding coordinate 
1-forms dz*|, € TM. Their action on the coordinate vector 
fields, then, is immediately computed as 


(us > sal) =p (ses|,) aa 


Which proves the following statement. 


Proposition 5.1.6. Let (x’) be local coordinates on an open sub- 
set UC M™. At each point pe U, the covectors {dz'|,,...,dx™|,} 
form a basis for the cotangent space TM which is dual to 


0 
22°99 Gan 








the basis {ze } for the tangent space T,,M. 


That is, any 1-form w can be locally written as a linear com- 
bination 


w= w; dx’ 


where w; : U > R. In particular, if f ¢ C°(M), the restriction 
df to points in U should have the same form. Evaluating it on a 
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coordinate vector field gives, for all pe U, 


é i {2 i 
df, (<|,) = Wj dx |p (<|,) — Wid5 = W4 


of 
aa (p). 


That is, the Local expression for df is 


_ of 
Oat 
Remark 5.1.7. In calculus 1 you have probably been told that 
you can cancel out differentials when applying solving differ- 
ential equations. This was probably accompanied by a warning 
that it is just a formal thing, a computational convenience. We 
can finally make sense of that in a general context: in one 
dimension, (5.1), reads as 


dx’. (5.1) 





df 





df 
df = —dt. 
if dt 
» 
Example 5.1.8. If f(x,y) = ry?e°* on R?, then df is given by the 
formula 
r) 2 (32 r) 2 pdf 
op = eve) 4, 5 Aleve) 
Ox oy 
= (y7e** + 3xy*e3*)da + 2rye** dy. 
v) 


With the Local basis, computing with covectors becomes 
much easier. Given a covector w = w,; dx! and a vector v = 
v's% expressed in the respective coordinate bases for the 
Local coordinates (’), by linearity in both arguments the dual 
pairing takes the form 


on’ 2 , ine 
= A J an = ye J — = ys 
(w |v) = (« dx |e =) wu («c | x) wu. 


Ty1.2)R?, and 
a (1,2) and f 





Example 5.1.9. Let, now, v = pea x 


Ox 








(1,2) 
from Example 5.1.8. We have 


fal fal 
— 2,32 2,32 3a 
(df|(1,2),¥) = (w e’* + 3ay“e"")dx + 2xye** dy, ion + 32) las 


= Tyrer" + 3ay7e*")| (1.9) =F 6axye**|(1 9) 
= 7(4e® + 12e%) + 12e7 = 52e?. 


Exercise 5.1.10. Let M be a smooth manifold and let f,g € 
C”(M). Show that the following properties hold: 


1. d(af + 8g) = adf + Bdg for a,8 eR; 


2. d(fg) = fdg + gdf; 
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3. d(f/g) = (gdf — fdg)/g? on the set where g #0; 


4. if J © R contains the image of f andh: J — Ris smooth, 
then d(ho f) = (h'o f)df; 


5. if f is constant, then df = 0. 


Remark 5.1.11 (The double dual). We said in Remark 5.1.2 
that unless we have an inner product, there is no canonical 
identification of a vector space with its dual. This is true also 
for the tangent and cotangent spaces. However, the situation 
is different for the double dual T*M := (Ti M)*. 

For ve T,M, the map 


in: T;M —R, wr iy(w) = (w |v) 


is Linear and therefore 7, € Tn M. 
Furthermore the mapi: 7,M — TM, i iy, is a vector 

space isomorphism. Indeed, it is injective since ker(i) = {0} and 

since dimT,M = dimT;* M also surjective?. 1Why? If rank-nullity theorem does 
That is, T**M can be canonically identified with 7, M. hot thgra Vell, Make Sure Celok It 

. . d ; up. It is, e.g., [Leel3, Corollary B.21] 

So, to add up to our list of interpretations of geometric 

objects, we now have seen that 





* a covector can act as a linear functional on vectors; 


* a vector can act as a linear functional on covectors. 


This should start giving you an idea of what is behind the 
following famous quote by Henri Poincaré: 


Mathematics is the art of giving the same name to different 
things. 


5.2 Change of coordinates 


In Remark 2.3.17 we have seen that if we have two different 
charts with local coordinates (x’) and (y’) on a smooth mani- 
fold M, Let’s denote the two charts re- 
































fa) oy) ra) spectively by »~ and w, then if 
-| = -(p)—— | . ¢ = wo! is the corresponding 
a 4 w] 
ex P ex ey P transition map, one has 
i = y'2 = RI 8. ; 
Thus, if ve T,M has local form v=v' 5, pH ayy: WE get oy! 2 = (Del yy 2 
7(P)ss|. = Pal 
Ox oy) |p oy) |p 
0 oy fa) where Dd is the Jacobian matrix of 
vs | =!'FOaG i 
Oxi lp ex Oys p the transition map. 
it} 
0 


or, reading off the basis elements, 
oy 
Ox? 

Let now w € T*M with local form w = wjda"|, = Gjdy'|p. In 
analogy to our previous computations we get 





Ww = 


(p)v". (5.2) 








w= WwW gue) )) =w ey! c) ) = 
— Ox? |p Ox? (P) Oy! |p = FF 
That is, 
Oy), vn 


There is an important difference? between (5.3) and (5.2). 
For covectors, (5.3) shows that their components transform in 
the same way as (“vary with”) the coordinate ai deriva- 
tives: the Jacobian of the change of variables 2 aor ~ (p) multiplies 
the objects associated to the “new” coordinates y/ to ob- 
tain the objects associated to the “old” coordinates x’. For 
this reason covectors are said to be covariant vectors. Analo- 
gously, tangent vectors are said to be contravariant vectors, 
since (5.2) shows that their components transform in the oppo- 
site way. 

The difference in the way vector and covector transform 
is reflected also in the way they are transformed by smooth 
maps between manifolds. As we have seen, the differential 
of a smooth map yields a linear map between tangent spaces 
that pushes vectors from one space to the other. Its dual is 
going to be a map that pulls vector form one covector space 
to another. 








Definition 5.2.1. Let Ff : WZ — N be a smooth map between 
smooth manifolds, let we Tip) N for some pe M. The pullback 
of covectors by F at the point F(p), is the dual linear map of 
the differential 


ary: N- T;M, wre dF*w 


Tip ) 


defined by duality in the following way?: 
(dFxw |v) :=(w|dF,(v)), Voe TpM, Wwe ThyN. 


Let’s check that the definition above makes sense: dF w € 
TM sov € T,M, but w € Th,,)N so dF,(v) € Trip) N since 
dF, :TpM — TryyN. 


5.3 One-forms and the cotangent bundle 


In analogy to Chapter 2.6 we can glue the cotangent space 
together into a vector bundle on M. 
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2] have borrowed this explanation 
from [Lee13, Chapter 11]. 


Which is also the reason why, some 
authors, use the notation Fy, to 
denote the differential of maps 
between manifolds and other call 
pushforward the differential. 


3 Or, omitting the point of applica- 
tion, (dF*w, v) := (w,dF(v)). 


Equations are getting more and 
more tricky: this kind of dimen- 
sional analysis is extremely useful 
to check that you are doing the 
right thing. 
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Definition 5.3.1. The cotangent bundle 7*M of M is the dis- 
joint union of cotangent spaces 





T*M := |_| ({p} x TM) ={(p,w) | pe M, we T*M}. 
peM 


The cotangent bundle is a vector bundle of rank n with 
projection 7: T*M — M, (p,w) > p. The cotangent spaces are 
the fibres of the cotangent bundle. 


Theorem 5.3.2. Let WM be a smooth n-manifold. The smooth 
structure on M naturally induces a smooth structure on T* M, 
making T*M into a smooth manifold of dimension 2n. 


Exercise 5.3.3. Mimicking what we did for Theorem 2.6.3, com- 
plete the proof of Theorem 5.3.2. x 


Definition 5.3.4. A covector field or a (differential) 1-form on 
M is a smooth section of T*M. That is, a 1-form w € T(T*M) 
is asmooth map w:p— wy e€ TM that assigns to each point 
p € M a cotangent vector at p. We denote the space of all 








For reasons related to tensor fields 





smooth covector fields on M by X*(M). that we will understand soon, this is 
Of course, one can also define C?-covector fields as the sometimes denoted 7,)(/). 
C?-maps w: M —> T*M such that tow =idy. © 


Remark 5.3.5. In Exercise 5.3.3 you have shown that coordinate 
covector fields are smooth local sections for the cotangent 
bundle. 4) 


In analogy with the previous chapters, for covector fields 
w € X*(M) we will often make the identification of its value 
w(p) = Wp € {p} x TM at pe M with its part in 7M without 
necessarily making this explicit in the notation by projecting 
on the second factor. 


Example 5.3.6. Let fe C™(M), then the map 
df: M—>T*M, pdflpeT*M 


defines a 1-form df « X*(M). % 


As smooth sections of a vector bundle, covector fields can 
be multiplied by smooth functions: if f ¢ C?(M) andw e 
X*(M), the covector field fw is defined by 


(fui)s = f(p)wp- 


Also in this case, X*(M) is a module over C”(M). 

Since differential 1-forms are dual objects to tangent vec- 
tors, the action of a form w on X € X(M) is well-defined and 
pointwise defines a function 


(w |X): prs (wp | Xp). 
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Exercise 5.3.7. The differential form w is smooth if and only if, 
for every smooth vector field X ¢ X(M), the function (w | X)e 


C”(M). Hint: write it down in local coordinates. x 


Definition 5.3.8. The pulloack of covectors immediately ex- 
tends to covector fields. The pulloack is the map 


F* : ¥*(N) > ¥*(M), wre F*w 
defined by 
(F*w)p = dFF (wrp)). 


By definition, this acts on vectors ve 7,,M by 


((F*w)p. 0) = (Weep), IFp(v)) = wr(p (4Fp(v)). 


Exercise 5.3.9. Let F : M — N be a smooth map between 
smooth manifolds. Suppose f is a continuous real valued func- 
tion on N and we X*(N) is a covector field on N. 


1. Show that 
F*¥ (fw) = (fo F)F*w:= F* f F*w, 


where we introduced the pullback of a smooth function as 
F*¥g:=goF. 


2. If in addition f ¢ C?(N), show that 


F*df =d(f oF) =d(F*f). 


Hint: apply the equations at a point p © M and keep rewriting the 


equations in different forms. * 


Exercise 5.3.10. Let F : M — N smooth map between smooth 
manifolds. For p € M, denote (V,(y')) a chart on N around 
F(p) and let U = F7!(N). If w = wjdy? € X*(N), apply twice 
Exercise 5.3.9 to show that in U 


F*w = (w; 0 F)d(y) 0 F). 


Let F': R? — R? be the map (u,v) = F(z,y,z) = (ry”, ysinz). 
Let w e £*(R?) denote the covector field w(u,v) = udv — vdu. 
Compute F*w. * 


Exercise 5.3.9 is particularly interesting if we look at it in 
relation to the pushforward. 


Proposition 5.3.11. Let F& : M — N bea diffeomorphism and 
X €X(M). Then, for any feC*(N), 


X(F*f) = FyX(f)oF. 
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Proof. Indeed, for any pe M, 


FX (f) 0 F(p) = (Fa X)f)(F(p)) = (FX) ref 
= (dF o Xo F')(F(p))f = (dF 0 X)(p)f 
= dF, (Xp) f, 
X(F* f)(p) = X(f oF )(p) = Xp(f oF) = dF (Xp) f 














In this case you often say that the vector fields are F- 
related* or that they behave naturally: you can either pull 
back the function f to M or push forward the vector field X 
to N. 


Exercise 5.3.12. Let {p.} denote a partition of unity on a man- 
ifold I subordinate to an open cover {U,}. Let fF: N > M 
denote a smooth map between smooth manifolds. With the 
definition of pulloack of functions given above, prove that 


1. the collection of supports {supp F'*p,} is Locally finite; 


2. the collection of functions {F“p.} is a partition of unity on 
N subordinate to the open cover {F-1(U,)} of N. 


x 


When we discussed vector fields, we observed that push- 
forwards of vector fields under smooth maps are defined only 
in the special case of diffeomorphisms. The surprising thing 
about covectors is that covector fields always pull back to 
covector fields. 


Example 5.3.13 (Polar coordinates on R?). We can define polar 
coordinates in R? via the map 


w:Ry x (—a,7) > R*\{a € R? | 2? = 0 and x! < 0} 


(r,0) + (rcosé,rsiné@). 


It is immediate to check that w is a diffeomorphism between 
open subsets of R*, and we can think of ~~! as local coordi- 
nates for a part of R?. 

On the image of w we have the coordinate basis {dzx!, dx}. 
In order to express them in terms of the coordinate basis 
{dr,d0}, we can apply Exercise 5.3.9, the properties of differ- 
entials and the formulas for the change of coordinates to get 


w* (dx') = d(x! 0) = d(rcos@) 

= cos @dr+rd(cos@) = cos édr —r sind dé 
w* (da?) = d(x? ow) = d(rsin@) 

= sind dr +rd(sin0) = sind dr +r cos 6d. 


4 This is a definition that can be 
properly formalized, but we will not 
spend any time on it in during the 
course. 
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Example 5.3.14 (Tautological one-form). On 7*M there is a 








1-form, called? tautological one-form, defined as follows. 5 As usual there are different 
A point in T*M is a covector w, € T*M at some point pe M. HeMigas EWwov ether commaniongs 
: are Liouville form or Poincare form, 
lf X., € Tu,(L*M) is a tangent vector to 7*M at wy. Let a: put don’t be suprised if you find 
T*M — M, then the pushforward 7(X.,,,) © T,M is a tangent more. 


vector to M at p. Therefore, one can pair w, and 7,(X,,,) to 
obtain a real number (w, | 7(X.,,)). The tautological one-form 
6 € X*(T*M) is then defined as 


Busy (Xuop) = (u» | (Xu,)) 


This is a very important concept in symplectic and contact 
geometry and in the mathematical theory of classical mechan- 


ics. ©) 


The pulloack is a rather pervasive concept, and does pro- 
vide us a new way to explore vector bundles. 


Example 5.3.15 (The pulloack bundle). Let fF: M— Nbea 
smooth map between manifolds. Suppose thatz7: H —~ N bea 
vector bundle of rank r over N. Then M x EF is a trivial bundle 
over M with constant fibre &. You may think that this is yet 
another trivial example, but it allows us to define the pulloack 
bundle F* FE: Let 


F*E := {(p,v)€ M x E | F(p) = z(v)}, 


with the projection Il; : F*E — M. The fiore of F*E over 
p € M, then, is {p} x Epp), which under II, : F*E > Eis 
diffeomorphic to Ep,). If p : m '(U) > U x R’ is a bundle 
diffeomorphism for EF, then yo Ily : Il; '(F~1(U)) > U x R” 
is a bundle diffeomorphism for F*E. This F*E is a vector 
bundle of rank r over M. In summary, the following diagram 
commutes: 


II2 
F* Rh ——_> EF 


F 
M —~ N 


5.4 Line integrals 


An important direct feature of 1-forms is that they are the 
natural geometric objects that can be integrated along 1- 
dimensional (oriented) submanifolds, i.e. along curves. In this 
sense they provide a coordinate-free way to define line in- 
tegrals. We will not see this in too many details yet, but it 
is worth taking the time to give the definition and see a few 
properties. 
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The idea is to use the pullback to pull the 1-form to the 
parameter space Kk and interpret the integral there as a usual 
Riemann integral. 


Definition 5.4.1. Let MZ be a smooth manifold, y : J = [a,b] < 
R — M asmooth curve and w € £*(M) a 1-form. The (line) 
integral of w along y is the number 


[a= fre= [ (roid) 


where y*w is the pullback of w to J by y and 4 : I — TT is the 
unit vector field on J. The pointwise dual pairing (7*w| £) € 
C(I) and is integrated in the usual Riemannian sense. ©) 





Example 5.4.2. Let M = R?\{0}. Let w be the one-form 
ady — ydx 
2 + y? 


and let +: [0,27] — M be the curve segment defined by 7(t) = 
(cost, sint). 

We already saw that thanks to covariance, y*w is immedi- 
ately computed with the substitution = cost and y = sint in 
the definition of w, so we get 


[ | costd(sin sole sint d(cos t) 
(oe 
[0,27] 





sin? t+ cos2t 


= =| (cost costdt — sint(—sint) dt) 
[0,27] 


20 
=| dt = 2r. 
0 
> 


Exercise 5.4.3. Let M be a smooth manifold, 7: I = [a,b] c R- 
M asmooth curve and we X*(M) a 1-form. Show the following 
properties. 


1. Show that with the definition above 


b 
| w= | Wy t) (77 (#)) dt. (5.4) 
Y a 


2. Let J Cc R be an open interval and Ff’: J — I a diffeomor- 
phism with F’(t) > 0. If 6: J + M denotes the reparametri- 
sation of y defined by 6(t) := F*+(t) = (yo F)(t), show that 


This shows that line integrals are 
| i= I independent of the parametrization. 


Hint: use the chain rule to get d’(t) = y'(F(t))F’(t) and then 
apply (5.4). 


3. Let fe C%(M). Prove the fundamental theorem of calculus: 
[ 4 =100)- #0). 
* 


Hint: justify that dfy)(7'(t)) = £f(v(s))|,_, and then use the 


usual fundamental theorem of calculus on R. 
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Exercise 5.4.4 (One-forms in thermodynamics). Consider a 
physical system composed of a fixed number of particles. The 
thermal equiliorium state of the system can be characterised 
in terms of its entropy S € R, andits volume V e€ R,. If we 
think at the thermodynamic state space M = Ri c R*asa 
smooth manifold, we can define the energy of the system as 
a function FE = E(S,V) : M — Ron the space of equilibrium 
states. 

Show that the differential dE € X*(M) has the following 
representation with respect to the coordinate basis {dS, dV}: 

OE OE 
dE = age + av 
Here T' and p are the two functions denoting respectively the 
temperature of the system and its pressure. The 1-form TdS 
os called the heat absorbed by the system while —pdV os the 
work performed by the system. 

Differently from the other properties of the system, these 
are not functions and thanks to this it makes sense to ask 
how much heat has been transferred or how much work has 
been performed: these are just the integrals of those one- 
forms over curves in the space of equilibrium states. 

Note that since the energy is the differential of a function, 
its integral over a closed curve is just the difference between 
initial and final energy and, thus, it vanishes. However, work 
and heat are usually not the differential of a function, which 
makes their integral dependent on the specific path taken and 
usually not vanish on closed loops. This peculiar property is 
what makes possible to construct heat engines. * 





dV =: TdS — pdVv. 
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Tensor fields 


Many of the spaces that we have encountered so far are par- 
ticular examples of a much larger class of objects. In this 
chapter we are going to introduce all the necessary algebraic 
concepts. 

We have seen that covectors in V* are real linear maps 
V — R from the underlying space V while, through the double 
dual, vectors can be understood as real linear maps V* — R 
from the dual space V™*. In practice, tensors are just multi- 
linear real-valued maps on cartesian products of the form 
Ve x.--x V*¥ x V x-x V. We have already encountered some 
examples; covectors, inner products and even determinants 
are examples of tensors: 


* a scalar product is a bilinear map ¢-,->:V x VR; 


* the signed area spanned by two vectors is a bilinear map 


R? x R? > R defined by area(u,v) :=uAv=ulv? — uv}; 


* the determinant? of a square matrix in Mat(n,R), viewed as 
a function det : R” x --- x R” — Ris a n-linear map. 
— 


n times 


So functions of several vectors or covectors that are linear 
in each argument are also called multilinear forms or tensors. 
It should not come as a surprise that multilinear functions of 
tangent vectors and covectors to manifolds appear naturally 
in different geometrical and physical contexts. In this chapter 
we are going to discuss the general definitions and notions 
that interest us, some of which may be just refreshing what 
you have seen in multivariable analysis in the context of gen- 
eral vector spaces V. Keep in mind, that at a certain point, 
we will replace V with the tangent spaces T,,M of a smooth 
manifold M. 


For a brief and concrete explanation 
of tensors, | warmly recommend 
the following youtube video by Dan 
Fleisch and [Lie45, Chapter XIV]. 


1In fact, the signed area is the 
determinant of the 2 x 2 matrix 
(UV) an 
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6.1 Tensors 


Definition 6.1.1. Let V be a n-dimensional vector space and V* 
its dual. Let 


Mult(Vi, ee Vx) 


denote the space of multilinear maps V, x ---x Vz > Rk. 
A multilinear map 
r times 


a > 
TiVE xe xX VEXV xe xVOR 


s times 
is called tensor of type (r,s), r-contravariant s-covariant ten- 


sor, or (r,s)-tensor. Similarly as we did for the dual pairing, 
when convenient we define the pairing 





1 


tT. = 1 lea 
Tt (w ENE, Dijana 4s) Et (7 | w Reet) Oise) 


For tensors 7, and 72 of the same type (r,s) anda ,a2 —€ R 
we define 


(171 + QQT2|...) = a1 (T1]..-) + a2 (T2|...). 


This equips the space 


r times 
Ss, 
T?(V) = Mult(V*,...,V",V,...,V) 
——— 


s times 


of tensors of type (r,s) with the structure of a real vector 
space’. In particular, V* = TP(V) and V = TA (V). % 


Example 6.1.2. * An inner product on V, eg. the scalar prod- 
uct in k”, is a (0,2)-tensor. This means, for example that 
the aforementioned scalar product is an element of T?(R”). 


* The determinant, thought as a function of n vectors, is a 
tensor in T°(R”). 


* Covectors are elements of T/(T,,M) while tangent vectors 
are elements of Tj(T;,™). 


% 


Take now, for example, two covectors ww? e V*, We can 
define the bilinear map 


wi Q@w*:VxVoR, w' @w?(v1, v2) = wi(v1)w2(v2), 
called the tensor product of w' and w*. This can be general- 
ized immediately to general tensors in order to define new 
higher order tensors. 


?Be careful when reading books 

and papers, for tensor spaces the 
literature is wild: there are so 
many different conventions and 
notations that there is not enough 
space on this margin to mention 
them all. Note that the book of Lee 
inverts the order of superscripts 
and subscripts in T?. 


Definition 6.1.3. Let V an n-dimensional vector space, 7, € 
T!(V), m € T" (V). We define the tensor product 7; ® 72 as the 
(r+r’,s+’)-tensor defined by 

aes rr) Usts') 


r+l rtr’ 
Ww pore Ge eee eas 


1 
T, © To(w,...,W 


= T1(w",. ae tes Dein 1 Us)T2( 


This definition immediately implies that the map 


@:T2(V) xT. (V) > TH (V) 


is associative and distributive but not commutative (why?). 


Exercise 6.1.4. Give a tensor in Tj which is a linear combi- 
nation of tensor products but cannot be written as a tensor 
product. Justify your answer. 

Hint: one of the examples at the beginning of the chapter can 
help. x 


Of course, there is no reason to restrict ourselves to just 
two tensors: the definition above is immediately generalized to 
arbitrary tensor product, with an extra interesting property. 


Proposition 6.1.5. Let V be an n-dimensional vector space. 
Let {e;} and {e*} respectively denote the bases of V = Tj(V) 
and V* = TP(V) respectively. Then, every rt € V." can be 
uniquely written as the linear combination 


= AIL HTH 


PF €;, @ + Bez, BE*@W--- Wer, (6.1) 


T=T, 


jp 
bys 


where the coefficients 7/17" € R. Thus the n"*® tensor prod- 


ucts 
ej, @ ++ @e;, OE" @---@We", Meine 


Irs t+ +545 =1,...,0, 


form a basis of T’(V), and T’(V) has dimension n’*°. 


Proof. Let {87} and {b;} denote the bases of V* and V that are 
dual to {e;} and {e"}, that is, 


(89 | ex) = 6} = (e? | bi). 


Define 
ae (Big 80 7 Pl yD jee DE) 


Then, on any element of the form (671,..., 89",b;,,..., bi), 
we trivially have the decomposition (6.1). By multilinear- 
ity of all the terms involved, (6.1) holds for any element 

: ..,Us) after decomposing it on the basis. 
Uniqueness follows from the linear independence of the 
tensor products ¢;, ®-:-@e;, @e"! @--- @e* proceeding by 
contradiction. 


z 
(wt,...,W",U1,- 
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A more general approach to this 
proposition is by proving the univer- 
sal property of tensor spaces. See 
for instance [Lee13, Propositions 
12.5, 12.7 and 12.8]. 


Exercise: expand Einstein’s notation 
to write the full sum on the left 
with the relevant indices. 


A linear map is uniquely specified 
by its action on a basis, which in 

particular means that these dual 
bases are unique. 
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Exercise 6.1.6. Formalize in details the last step of the proof: 
uniqueness follows from the linear independence of the tensor 
products. x 


Remark 6.1.7. There is a canonical isomorphism such that 


r times 

oF 
Ti(V)~V@---@V@V*®@:--@V*. 
e—_—Y 


s times 


This allows us to choose whichever interpretation is more con- 
venient for the problem at hand: being it a multilinear map on 

a cross product of spaces or an element of the tensor product 
of spaces. © 


Let’s go back for a moment to the example of inner prod- 
ucts. 


Definition 6.1.8. We call pseudo-metric tensor, any tensor 
g€ TS3(V) that is 





1. symmetric, i.e. g(v,w) = g(w,v) for all v,we TY (V); 
2. positive semidefinite, i.e. g(v,v) > 0 for all v 4 0. 


We call non-degenerate any tensor g € T3(V) such that 





g(v,w) =0 YweVv = v=0. 


A metric tensor or scalar product is a non-degenerate 
pseudo-metric tensor, that is a symmetric, positive definite 





(0,2)-tensor. The Riemannian metric is a metric tensor on the 
tangent bundle of a manifold. 

An example of non-degenerate tensor which is not a met- 
ric is the so-called symplectic form: a skew-symmetric non- 
degenerate (0, 2)-tensor, which is fundamental in classical me- 
chanics and the study of Hamiltonian systems. © 





Example 6.1.9. Let V be a n-dimensional real vector space 
with an inner product g(-,-). Denote {e),...,e,} the basis for V 
and {e',...,e”} the basis for its dual V*. As a bilinear map on 
V x V, the inner product is uniquely associated to a matrix [g;;] 
by gi; = g(ei, €;)- 

We already mentioned that in this case we can canonically 
identify V with V*. Indeed, the inner product defines the iso- 
morphisms? 


>: VoV*, ve g(v,-), andits inverse *:V* >V. 


The matrix of ’, by definition, is [g;;], that is, 
(v’)i = gir”, 


where the v/ are the components of v. Therefore, the matrix 
of # is the inverse* [g] of the inner product matrix, that is, 


3 Often called musical isomorphisms 
or index raising and index Lowering 
operators. 





That ” is an isomorphism follows 
immediately from the linearity 

and the fact that non-degeneracy 
implies that its kernel contains only 
the zero vector. 


4 Using lower indices for matrix 
entries and upper indices for the en- 
tries of the inverse is very common. 
It turns out to be an especially con- 
venient notation, which simplifies 
many formulas in general relativity 
and classical mechanics. 


(wh)! = guy, 


where the w; are the components of w. 
Note that, in general, e? 4 e’: indeed, by definition e? = gj;e/. 
It turns out that these operators can be applied to tensors 
to produce new tensors. For example, if 7 is a (0,2)-tensor we 
can define an associated tensor 7’ of type (1,1) by 7T(w,v) = 
t(w#,v). Its components are (7’)? = gi rip. ?) 


Exercise 6.1.10. Let V be a vector space with an inner product. 


1. Show that the space 7/!(V) is canonically isomorphic to 
the space of endomorphisms of V, that is, of linear maps 
L:V-V. 


2. If 2 e Ti(V) is the tensor associated to A, show that its 
components ¢? are just the matrix entries of A seen as a 
matrix. 


3. Of course, given the previous example, T}(V) is also canoni- 
cally isomorphic to the space of endomorphisms of V*, that 
is, of linear maps A: V* —> V*. Prove the claim by explicitly 
constructing the mapping @< A. 


Hint: definitions can look rather tautological when dealing with 
tensors... think carefully about domains and codomains, remember 


the musical isomorphisms and the tensor pairing. * 


We are now in a good place to discuss how tensors are af- 
fected by changes of basis. Let L : V — V be an isomorphism, 
then we can define a new basis {é;} of V by é€; := Le;. For con- 
venience, we denote its dual basis by {é’} in contrast with our 
initial notation. 

Thinking in linear algebraic terms, what is the linear map 
A: V* + V* that relates the dual bases? This must be deter- 
mined somehow by 

6; = (2 | &) = (Ae? | Le;). (6.2) 

It is convenient, at this point, to introduce the dual map 
L* :V* + V* to L. This is defined as the map such that for all 
veéV and for all we V* 


(w|Lv) = (L* w|V). 


But we already know how to define such kind of map! This 
is like a pullback: L*(w) := wo ZL for w € V*. As matrices, 
this means that w? Lv = (L?w)*v, so the matrix of L* is the 
transpose of the matrix of L. 

Let’s go back to (6.2): 


6; = (Aet | Le;) = (L* Ae’ | e;) 
that is; A= (277%, 
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To add to the confusion: in the 
physics literature, for v € V, the 
components v; of v? are often 
called covariant components of uv 
while the components v’ of v are 
called its contravariant components. 
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1 is the inverse of the transpose of 


So, as matrices, A = (L7)~ 
the matrix of L. 

If [12] is the matrix associated® to the endomorphism L : >Does exercise 6.1.10 ring any bell 
V —V, that is, I! := (e/|Le;), and [\/] the one associated to the neter 


endomorphism A : V* — V*, then the above translates into 
dt = (Ae! | Les) = Ote™ |e.) = ALE. 


That is, as we already saw, as matrices they are inverses of 
each other. 

We can transport this fact to general tensors to obtain that 
the components of an arbitrary tensor 7 € T7(V) transform as 
follows. Since 


T = Th Cj, ++ ez, BE" @+-- ev 


a1 s 


wkypokp © ~ ~h nhs 
= FRB Ey, B+ OE, OE @--- Oe", 


applying the previous reasoning and comparing term by term 
we get 

Jiecdr — okie kp 751 Jr yhi hs 

ot, Ug, ye i 


or 
Se Ore ae 

Remark 6.1.11. An important consequence of this fact is that 

we can use a metric tensor, and the associated musical iso- 

morphisms ” and *, to canonically identify a tensor space T’(V) 

with T3(V), Tj **(V) and TP, ,(V) by concatenating the correct 

number of maps, for example 


T=1,:T)(V) > Te(V) 


s times 
eeao 


r times 


In general, One can use the metric to raise or Lower arbitrary 
indices, changing the tensor type from (r,s) to (r+1,s—1) or 
(r—1,s41). 

A neat application of this is showing that a non-degenerate 
bilinear map g € T3(V) can be lifted to a non-degenerate bilin- 
ear map on arbitrary tensors, that is 


G:T}(V) x T7(V) > R, G(t,7) := (Z,y(7) | 7). 


In particular, if g is a metric on V, then Gis a metric on T7(V). 
% 


Exercise 6.1.12. What do the canonical identifications of T7(V) 
with Tj) *° and T?,, look like? * 


Remark 6.1.13. Interestingly, even though each of the tensor 

spaces T’(V) is generally not an algebra, the map ® trans- 

forms the collection of all tensor spaces This is a so-called graded algebra 
since ®: TE(V)xT% (V) > T?E" (V) 
in some sense moves along the 
structure of the indices. 
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TV) := @T(V), T(V):=R, 
r,s=0 

to an algebra, called tensor algebra. Here, for r = s = 0 we 
define the tensor multiplication with a scalar as the standard 
multiplication: r@v =rv for re TI(V) =RandveTI(V)=V. 0 

Before moving on, there is an important operation on ten- 
sors that will come back later on and is worth to introducte in 
its generality. 


Definition 6.1.14. Let V be a vector space and fix r,s > 0. For 
h<randk <5, we define the (h,k)-contraction of a tensor as 
the linear mapping T!(V) > T7~(V) defined through 





V1 @++@v,p @w' @+--@w* 
+> wk (up) v1 @ +++ @ vp_1 @ Vag @t, Ow @---Q@w* 1 @w*t!...@w 


and then extended by linearity, thus mapping 7 — 7 where 


~/,/1 -1 
F(v,...,U" , V1, +--+, Us—1) 
1 i r—1 
SPDs 5 € joten tl! TU sUityae a €; yeeey We-1)- 
ath index «th index 


Example 6.1.15. To understand why the two equations in the 
definition are equivalent it is worth Looking at an example over 
a decomposable element. For simplicity, assume (r,s) = (2,3) 
and T = v1 @v2Q@w!@w?@w*. Then 7 corresponds to a multilinear 
function 


r(v', v, W1, W2,W3) = v" (v1)? (vg)w" (wy )w?(we)w? (ws). 
By definition, the (1, 2)-contraction is 
F(v',wi, w2) = t(e’, vy, wi, ei, w2) 
= e(v1) v'(ve)w" (wi )w* (e;)w? (we) 
= e*(v1)w*(e:) v"(v2)w"(w1)w* (we) 
{SS 
=w?et(v1)=w? (v1) 


= w?(v) v2 @ wt @ w(v1, wi, we). 


% 
Example 6.1.16. For a € T}(V), the contraction tr(a) := aj is 
called the trace of a and is the usual trace of the correspond- 
ing endomorphism A: V > V. 0) 


6.2 Tensor bundles 


It is time to leave the abstract world of vector spaces and 
start getting closer to our main focus: manifolds. In the pre- 
vious chapters we have shown that the tangent bundle and 
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the cotangent bundle are families of vector spaces built over 
M that are dual to each other. We now have the tools to fur- 
ther extend this idea and define tensor bundles as families of 
tensor spaces build on top of the fibres of the tangent bundle. 


Definition 6.2.1. The (7,s)-tensor bundle over M as the bundle 





T;M = [| ({p} x TS (TpM)) 
peM 


of tensors of type (r,s), with the projection on the first com- 
ponent 7: 77M — M. % 


Here pulloack and differential® turn out to be life-saviours: 5 Now you see why somebody calls 
any atlas {(U;,y;)} of M can be naturally mapped to an atlas iL Papi Obeand 
on T7M via {(T7U;, G:)} where 


Qi: TZU; > Ty p(Ui) 


is defined by linearity on the fibres via Study hint: look carefully at the 
domains and codomains of all the 
~ k ks i 
P(p, ej, Q---@ ej, @e™ @--- We ) maps involved and make sure that 


: , you understand how this is defined. 
= (p(p), dppej, @-- @dppe;, @d(y-")*e" @--- @d(p")*e"*). 
In analogy to the definition of vector fields, we can intro- 
duce tensor fields: these will just be Local assignments of 
tensors to points. 


Definition 6.2.2. A section (77M) of T7M, that is, a smooth 
map 7: M —T?M such that to7 =idy,, is called a tensor field 
of type (r,s). We denote the space of tensor fields of type 
(r,s) by 7,"(M) and define 7,)(M) :=C”(M). > 


Example 6.2.3. With the definition above we have that X(M) = 
To (M) and X*(M) = 7?(M). ©) 

Locally, we can express any tensor field in terms of the 
coordinate bases. On a chart for M with local coordinates (2°), 
our analysis of the change of basis tells us that 7 € 7,"(1/) has 
the form 


4 q 


& os elite 0 Grow oO 
tits Beh agar 





@ dz @---@dz", 

where ee e C”(M). 

Example 6.2.4. A non-degenerate symmetric bilinear form 

g € Te(M) is a pseudo-Riemannian metric and the pair (M,g) 

a pseudo-Riemannian manifold’. If g is also fibre-wise pos- 7 Also called semi-Riemannian 
itive definite, then g is a Riemannian metric and (M,g) is a manifold: 

Riemannian manifold. From this you see that the Riemannian 

metric is just an inner product on the tangent bundle of the 

manifold. 














1. The euclidean space R” is a Riemannian manifold with 
the usual scalar product, which we can represent as g = 
yy, dx’ @ dx (What is its matrix form?). 
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he 
The pseudo-Riemannian manifold (,g) is the space-time 


manifold of special relativity, with z! = tis the time and 
(x?, x, 24) = (x,y,z) is the space. 


2. If M = R*, an example of pseudo-Riemannian metric is t 

0 
0 
0 
1 


CORO 
CROON 


Minkowski metric g = gijdx’ @ dx? where [g;;] = ( r 
0 








% 
Definition 6.2.5. The support of a tensor field 7 € 7,"(M) is 
defined as the set 
suppT := {pe M | r(p) 4 0} CM. 
We sat that 7 € 7,"(M) is compactly supported if supp7 is a 
compact set. 4 


Again in analogy with what we saw on tangent and cotan- 
gent bundles, we can provide a general definition of pullback 
and pushforward on tensor bundles. This will be extremely 
useful soon, when we start dealing with differential forms. 


Definition 6.2.6. Let F : M — N be a smooth map between 
smooth manifolds and let w € 7,°(N) be a (0,s)-tensor field on 
N. We define the pullback of w by F as the (0,s)-tensor field 
F*weT~(M) on M defined for any pe M by 





F*:T)(N) > TM), 
F*wlp := dF; (w|r@)) Vpe M, 


where 
AES (wl rp) (V1, --- Us) = Wl Fp) (dFpr1,.--,dFpvs), V01,-.., Us € TM. 
% 


To be consistent with this definition, if f ¢ C°(M) = 7)(M) 
and we 7,°(N), then we define f@w := fw and F* f :=foF. 


Exercise 6.2.7. Show that the tensor pullback satisfies the 
following properties. Let Ff: M— N andG: N — P be smooth 
maps and v,we7.(N) and fe C%(N), then the following hold 


1. F*(f @w) = F*(fw) = (fo F)Ftw = (F*f)(F*w); 
2. F*(w@v) = F*w@ F*v; 

3. F*(w tv) = Fw + F*y; 

4. (Go F)*w = F*(G*w); 


5. (idy)*w =u. 
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Example 6.2.8 (Change of coordinates for tensor fields). Let, 
as usual, (U,y) be a chart on M with local coordinates (2°). If 


fe’ : R” — R} are the standard euclidean coordinates® and ® Have a look at Notation 1.2.13 
{e;} are the standard basis vectors in R”, then the coordinate if yon domi reticrnber heh ain 

. ; : talking about. Here we are using the 
1-forms and the coordinate vector fields on U c M are given Hotation 6: = since now we know 
by that {e*} is just the dual basis to 


{ex}. 





dx’ = y*de' and ae = (p+) ee. 
Ox 


This immediately exposes the transformation laws for the 
change of coordinates: let (U,w) be another chart on U with 
local coordinates (y’), then dy’ = w*de* and sor = (W) neg If 
we denote ¢= wow | the transition map in R”, we get 





id 
= (p10 6) a (bxes) 
= (1), ((Dd)ie;) 








= (Dd)iz,, 
oy 
which may be easier to think about in terms of the following 
diagram 
aor © T3(U) 3 (DO)t as 
we ™ 
Px px 
ra ™ 
es € Ty (V) ox > Ty(W)2 bres 

Sm” 


where V = y(U) and W = V(U). 

From this, we immediately get dy’ = (D¢)!dx'* and, therefore, 
dx’ = (Do~") dy). ?) 
Exercise 6.2.9. Let F : N — M be a smooth map between 
smooth manifolds. Show that a function f ¢ C(I) is constant 
on F(N) c M if and only if F*df =0. 

Hint: if you get stuck start by looking at a simple example, like 
N=M and F =idy. * 

We can also use the pulloack to construct a diffeomorphism 
between tensor bundles of the same type from a diffeomor- 
phism y: M — N between manifolds. 


Proposition 6.2.10. Let » : M — N bea diffeomorphism 
between smooth manifolds. Then induces a diffeomorphism 
T?M > TIN. 


Proof. Step |. We know that the pullback induces on the fi- 
bres a diffeomorphism of cotangent bundles. Let p ¢ M. We 
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have already seen that on the fibres the pullback is a diffeo- 
morphism: 
T*N >T*M, (g,w) > (p*w)q = (914), dy*w|y-1(9)) - 
This can be inverted giving rise to the so-called cotangent Lift 
dy! := (dy)! := (y1)* : T*M > T*N. 


For any we Ty M and any ve T,,M, we have An aid to understand this map is 
the following commuting diagram: 


(dylw | dp) .p(p) — d(y*)* (| p-10y(p) (depv)) dot 
p 
= wy (dp (n) 2 dypv) igi Te) 
= wo) = (w | 0)5. wm | [ts 
MN 
Step Il. Chaining d and d! on the appropriate components of 
the tensor, we obtain a diffeomorphism of arbitrary tensor 
bundles: 


dy®:---@dp@dy' @---@dyl:T™M > TN, 
defined on the product elements as 


dp @---@dp@dy! @---@dyl(p,11 ®---@v, Ow" @--- @w*) 
= (y(p), dp 1 @--- @dy v, @dylu' @--- @dplw*), 











which extends to the whole fibres by Linearity. 





With this diffeomorphism at hand, we can finally generalize 
the pushforward. 


Definition 6.2.11. Let Ff: M — N be a diffeomorphism between 
smooth manifolds. We define pushforward of (r,s)-tensor fields 
by F' as the map Fy : 7,".(M) > 7,7(N) for which the following 
diagram commutes: 





M > 


. 


dF®@:-@dF@dF'®:-@dF*t 
T;(M) T3(N) 


s 








That is, for 7 € 7,"(M) we define 


s times 
re’ 7. 
F,7 =dF®-:-@dF@dF'®---@dFloroF™!. 
eeu q«~—qcxr 


r times 


0 


Example 6.2.12. Let f € 7j(M), then F, f = fo F7!. Similarly, 
for X € 7;\(M) we have the pushforward FX =dFoXoF!, 
in line with the definition of pushforward of vector fields that 
we gave in the previous chapter. An interesting, not really 
surprising though (right?), property is the following: F,.df = 
d(Ff). 0 
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Exercise 6.2.13. Let F: M— N andG: N — P two diffeomor- 
phisms of smooth manifolds. 


1. Show that the chain rule (Go F), = G,, o F, holds. 


2. Show that our previous definition? of pullback is a particular 
case of the following general definition of a pulloack of 
(r,s)-tensor fields by F: 





F* :=(F71),.: 77 (N) > T7(M). 


Hint: always work ona product tensor and extend by linearity. * 


Note that thanks to this duality between pulloack and push- 
forward, the dual pairing is always invariant under diffeomor- 
phisms: 

(Fw | Fyv) = (w |v). (6.3) 


Can you show why? 


°That is, Definition 6.2.6 — which 
includes the pullback from Defini- 
tion 5.3.8. 


In general, (6.3) is not true for 
scalar products: one has to re- 
quire that the diffeomorphism 
leaves the metric invariant, i.e. 

gn (PF xv, Fxw) o F = gu (v,w) where 
gum € T§(M) and gy € T9(N). You 
encounter this if you study isome- 
tries for pseudo-Riemannian metrics 
or canonical transformations in 
classical mechanics. 


7 
Differential Forms 


In the rest of the course we will focus on a particular class of 
tensors, which generalizes the differential one-forms that we 
studied on the cotangent bundle. It should not be surprising 
then, that these will be called differential k-forms and that 
they will be alternating (0,4)-tensors, that is, skew-symmetric 
in all arguments. 

Geometrically, they are not dissimilar from the forms you 
may have seen in multivariable calculus: a k-form takes k 
vectors as arguments and computes the k-dimensional volume 
spanned by these k-vectors. In this sense, they will be the key 
elements to define integration over k-dimensional manifolds, in 
the same way as one-forms and line integrals. 

In addition to their role in integration, differential forms pro- 
vide a framework for generalizing such diverse concepts from 
multivariable calculus as the cross product, curl, divergence, 
and Jacobian determinant. 


7.1 Differential forms 


Definition 7.1.1. Let V be a real n-dimensional vector space. 
Let S;, denote the symmetric group on & elements, that is, the 
group of permutations of the set {1,...,4}. Recall that for any 
permutation o € S;, the sign of o, denoted sgn(o), is equal to 
+1 if o is even! and —1 is o is odd?. 

A tensor w € ‘Gar 0 <k <n, is called alternating (or 
antisymmetric or skew-symmetric), if it changes sign when- 
ever two of its arguments are interchanged, that is, for all 
U1,---,Uz, © V and for any permutation oe S; it holds that 








W(Vo(1)>+++>Vo(k)) = SYN(7)W(V1,---5 UK). 


The subspace of alternating tensors in T?(V) is denoted? by 
A*(V) < Tp(V) and its elements are called exterior forms, 
alternating k-forms or just k-forms. For k = 0, we define 





PVH VS v) 


There is a nice book by Guillemin 
and Haines which is all on differen- 
tial forms [GH19] and whose draft 
is freely available on the authors 
courses website. 


lt can be written as a composition 
of an even number of transpositions 
2It can be written as a composition 
of an odd number of transpositions 
In particular, exchanging two argu- 
ments changes the sign of w. 


3Some authors also use A¥(v*) or 
A,x(V*) to denote the same space. 
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Exercise 7.1.2. Show that the following are equivalent for a 
tensor we T?P(V). 


1. w is alternating; 


2. w is 0 whenever two of its arguments are equal, that is, 


w(U1,..-,W,..-,W,---,Uk) = 0; 


3. w(vi,...,Uzn) = 0 whenever the vectors (v1,...,Un) are Lin- 
early dependent. 


7.2 The exterior product 


If you remember, we said that the determinant was an exam- 
ple of a T°(R”) tensor: an antisymmetric tensor nonetheless. 
At the same time, the determinant of an x n matrix, is the 
signed volume of the parallelotope spanned by the n vectors 
composing the matrix. We also saw that tensors can be mul- 
tiplied with the tensor product, which gives rise to a graded 
algebra on the free sum of tensor spaces. This leads naturally 
to the following definition. 


Definition 7.2.1. Let V be a real n-dimensional vector space. 
Given k covectors w!,...,w* e TP(V), their wedge product (or 
exterior product) w! a... A w* is defined by 





wH(vy) - wi (ug) 
(wia... aw V1,..-,Uk) = det : a : Vv1,- 
w(y,) ++» w*(up) 


0 


Since the determinant changes sign when two of its columns 
are interchanged, w! ~ ... A w* is alternating and thus an ele- 
ment of A*(V). Similarly, since the determinant changes sign 
when two of its columns are interchanged, it holds that, for 


any 0 € Sx, 
we) A... Awe) = sgn(a)wi a... aw". (7.1) 
That is, using Leioniz formula for the determinant’, we get 


wha... Awe = = sgn(c)w?) @... @w7"*), (7.2) 
o€S, 
According to Proposition 6.1.5 we have the basis representa- 
tion 
w= Wi, -jp et @-+@elk 
in T2(V). It would be convenient to have a similar basis repre- 
sentation only involving terms in A*(V) and wedge products. 


You can find an interesting explana- 
tion of the exterior product, based 
on Penrose’s book “The road to 
reality”, on a thread by @LucaAmb 
on Twitter. 


1.5 UR EV. 


4[Lee13, Equation (B.3)] 
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Proposition 7.2.2. Let V be a real n-dimensional vector space, 
let (e?) denote a basis for V*. Then, for each 1 <k < n, the 
set of k-forms 


E= {el a.-- a elk | l<ji<-<je <n}, 


forms a basis for the space A*(V) c TP(V) of alternating 
k-forms. Therefore, ifl<k<n 





: : n n! 
dim AF(V) = (;) = l In particular, A"(V) = A°(V) = 


while if k >n, dim A*(V) =0. 


Proof. The last point of Exercise 7.1.2 implies that there are 
no non-zero alternating /-tensors on V if k > dimV, since in 
that case every k-tuple of vectors would be dependent. For 
k <n we need to show that FE spans A*(V) and its vectors are 
linearly independent. 
First of all, observe that by (7.1) all the wedge products 
elt ,... \ e* ¢ E either vanish? or are linear multiples of an > When two indices are repeated, i.e., 
element® of E. a basis vector appears twice 


: ® The exterior product with the 
: a k 
Let now {e;} denote the basis for V dual to {e’} andwe A”. imdleas Ih thescatne-set. BUE In 


By definition of alternating form, we have increasing order 
1 
w(€i,,;---,€i,) = i = sgn(c)w Ca okay ae (7.3) 
: oES, 
Moreover, for any v1,...,uz € V we have 


Don’t forget, l<i<n. 


Therefore, 
w(1,.-.,;Uk) =W Cee 5 ,e* (uz )ei,) 
— e (v1) ef (vp) w(es,, 0%) 
: : 1 
= e'!(v,)---e™ (un) q > sgn(c) w (e cyrsss Cece ) 
o€ES, 


a 
(7.3) = le" @-- @e* | Bays. Ue) Ss Se itca id ee rern: eee 


eae | 
ical] = re (ep cnoeg tye) Ss sgn(c) (coe @-+-@ele te) | vy4,... Un) 
i oES: 
1 ; 
(7.2) — Fie (Cir ++ in) (Ase we® | Wiper) 
n—k+1 n—k+2 n 


dedup. — y vee S Wilegsss eg) (et Aa Ae Wis evey Ve) 
Ai=1 jo=jitl Jke=Jr—-141 








That is, 


n—k+1 n—k+2 n 


= bcc ; SIL, th Sees Jk 
we Sanaa anne 


Ai=1 jo=jitl Jk=Jr—-1t1 
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where w,,,.j, = Ww (e;,,---,€;,), in analogy with Proposition 6.1.5. 














Remark 7.2.3. There are multiple alternative definitions of 
the wedge product, which are equivalent up to a multiplicative 
factor. Be careful when you consult the literature to check the 
conventions used. 

The convention that we are using here is usually called the 
determinant convention and is usually the most convenient 
for computations. The name stems from the fact that if (e’) 
denotes the standard basis for (R”)*, then for some vectors 


U1, -++5;Un ER”, 


det( vy ++: Un) = el A+++ A e™(U1,..., Un): 
SYN 
nm X mn matrix 


with 
‘v4, as columns 


y) 


As you could see from the previous proof, Einstein notation 
can help but only to a certain extent. There is an extra bit of 
notation, also common in higher-dimensional analysis, that can 
be often convenient when working with many indices. 


Notation 7.2.4. Given a positive integer k, an ordered! k-tuple 7That is, 1 <i, <---<ip<n 
I = (i1,...,%%) of positive integers is called multi-index of 

length &. lf J is such a multi-index and o € S; is a permutation 

of {1,...,k}, then we denote J, := (ig(1),...,%5(x)). Defining 

e! := e4 +. A e’*, we finally get the more compact notation 


w= wrel. % 


In general, the tensor product w@ve Te4,(V) of alternating 
forms w € A* andy e€ A” is not an alternating form. The 
following proposition gives us a tool to define an exterior 
product of alternating forms. 


Proposition 7.2.5. Let Alt, : T?(V) > A*(V) be the map® 8 Often call alternation map or 
defined by antisymmetrization 
1 
(Alt, T)(v1,.-., UK) = A y SOM or Vet) -+ 25 Vo(Bi ls Vui,..-,Un eV. 
* oES, 
Then Alt, is a linear projection? and the following holds: for 2 That is, Alt, o Alt; = Alt, 


all wt,...,w* e TO(V), 
whan. awk = KI Alt, (w? @--- @w*). 


Proof. Linearity is there by construction, we need to check 
that Alt, is a projection. This follows from a direct computa- 


tion of its idempotence: 





1 
(Alt, Alt, T)(U1,.--, Uk) = Eb y sgn(c) sgn(o’)r (Opmatines cleats) 
" o,0'ESk 
~ ot if 
G=0'00 — HE S sgn(7)T (Un(1)s vhs :Un(1)) 


ones 


1 
~ 7 > sgn(7)7 (Un(a); me gta) 
* néSk 


= (Alt, T)(v1,..-, Uz), 


where we used the fact that 7 runs over all S;, as o does. 
Then the result follows from (7.2). 














As we were saying, now we Can take the tensor product of 
two forms w ®v and use the antisymmetrisation Alt,+;, to to 
project it onto the antisymmetric subspace A‘*” of T?,,,(V). 


Definition 7.2.6 (Wedge product of alternating forms). We can 
extend the wedge product (or exterior product) to alternating 
forms by defining, for any k,heN, 


aA: AR(V) x AM(V) > ARTY) 


(k +h)! 


IAL Alty4n(w (39) Vv). 


(wy) RPewAV:= 


Example 7.2.7. The wedge product of two 1-forms w and v is 


WAY =2Alte(W Ov) =25(w@y —v@w). 


> 
Exercise 7.2.8. 1. Compute the wedge product of three 1- 
forms. 
2. Compute the wedge product of a 1-form and a 2-form. 
* 


Proposition 7.2.9. The wedge product has the following prop- 

erties. 

1. (associative) (w? Aw?) aw? = wl A (w? Aw) for we A*(V), 
$= 1) 3033? 

2. (distributive) (wt+w?) aw =wtraw>+w? aw? for wt,w? € A*(V) 
and we A’(V); 

3. (distributive) wt A (w?+w3) =wt raw? +u! rw? for wt e A*(V) 
and w?,w e A*(V); 

4. w! aw? = (-1)"*w? aw! for w! € A*(V) and w? € A"(V). 

Exercise 7.2.10. Prove the proposition. 


Hint: keep in mind the tricks used in the proof of the previous 


propositions. * 
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Exercise 7.2.11. Let V be a real n-dimensional vector space. 
Prove that if an n-form w vanishes on a basis e€),...,e, for V, 
then w is the zero n-form on V. * 


Remark 7.2.12. As for tensors, if we define the 2”-dimensional 
vector space 


then the wedge product turns it into an associative, anticom- 
mutative?9 graded algebra, called exterior algebra of V. ~) 





7.3 The interior product 


There is an extremely important operation that relates vec- 
tors with alternating tensors. 


Definition 7.3.1. Let V be a real n-dimensional vector space. 
For each v € V, the interior product by v is a contraction of 
a k-form by v, that is, the linear map uv, : AX(V) > AP-1(V) 
defined?+ by 





lyW(W1,-..,We-1) = W(U, W1,---,WE-1) Vwi, ---, We_-1 € Vz 


In other words, t,w is obtained from w by inserting v into 
“the first slot”. By convention 1,w = 0 if we A°(V). 


Lemma 7.3.2. Let V be a real n-dimensional vector space and 
véV. Then the following hold. 


1. by Oly =O and ty Oty = —by O by} 
2. ifwe A‘(V) and ne A”(V), 
ty(w An) = (to) An + (=I) A (eon). 


Exercise 7.3.3. Prove the Lemma. * 


7.4 Differential forms on manifolds 


It is time to turn our attention back to smooth manifolds. Let 
M be a n-dimensional smooth manifold, recall that we had de- 
fined the tensor fields 7,"(1/) as the sections of (r, s)-tensor 
bundles TM over M. The subset of 7?(M) consisting of alter- 
nating k-tensors is denoted by A’ M :=|],-,{p} x A*(T)M). 


Definition 7.4.1. The sections of A*M are called differential 
k-forms, or just k-forms: these are smooth tensor fields whose 


1 A graded algebra is anticommu- 
tative is the product satisfies a 
relation of the form wv = (—1)*" vu, 
where wu and v are in the spaces of 
the gradation with indicex k and h 
respectively. 


4 Another common notation for the 
same operation is v Jw. 
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values at each point are alternating tensors. The integer & is 
called the degree of the k-form. 
We denote the vector space of smooth k-forms by 


OF (M) =T(AFM). 


The wedge product a : Q*(M) x 0"(M) > OF+"(M) of differen- 
tial forms is defined pointwise as (w A v),, = Wp A Up. 0) 


Example 7.4.2. 1. A 0-form is just a function f ¢ C%(M) and 
1-forms are just the covector fields w € 7,°(M) = X*(M) on 
M. 


2. Let M =R?3, then both cos(xy)dy A dz and dx a dy — ydx \ dz+ 
e® /(x? + y2 + 1)dz a dy are examples of smooth 2-forms. 


3. Every 3-form in R° is a continuous real-valued function times 
dx A dy a dz. 


0) 
Remark 7.4.3. If we define 


then the wedge product turns 2*(1/) into an associative, anti- 
commutative graded algebra. © 


The following theorem gives a computational rule for pull- 
backs of differential forms similar to the ones we developed 
for covector fields and arbitrary tensor fields earlier. In fact, 
it is a direct consequence of our previous observations. 


Theorem 7.4.4. Let Ff: M — N be asmooth map between 
smooth manifolds. Let we Q*(N) and ve Q"(N). Then, 


F¥ (wav) = F*w a F*y, 
and, if (a*) denote some local coordinates on UCN, locally 


F* (wsdx”) = (OR. 0 F)d(a?! 0 F) A+++ A d(x3* 0 F). 


Exercise 7.4.5. Prove the theorem. * 


Example 7.4.6. Let F : R? — R® be defined by F(u,v) = 
(u?,v,u—v?) and let w = ydz a dx+zdx A dy on R®. We can apply 
the previous theorem to compute Fw: 


F*w = vd(u— v?) a d(u?) + (u— v?)d(u?) a du 
= v(du — 2udv) » (Qudu) + (u— v?)(2udu) a dv 
= —4uv*du a du + 2u(u— v?)du a dv 
= 2u(u + 3v7)du a dv, 


where we used that du ~ du = 0 and du a dv = —dv a du. ©) 


Of course, the same technique can also be used to compute 
the expression for a differential form in another smooth chart. 
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Example 7.4.7. Let w = dx ~ dy on R?. Consider the polar 
coordinates (2, y) +> (pcos(@), psin(@)), then 
dx ~ dy = d(pcos@) A d(psin 6) 
= (cos 6dp — psin6d6) ~ (sin @dp + pcos @dé) 
= pdp ” dé. 
| am very confident that it is not the first time that you see 
the equation above... © 


Exercise 7.4.8. Let (x’) and (y*) are two different local coordi- 
nates on some open V c M. Show that the following identity 


holds: : 
1 n dy! 1 n 
dy A +--+ A dy” = det | —— | da a--- a dx”. 

Ox* 


ad 


The previous exercise is a particular case of the following 
statement. 


Proposition 7.4.9. Let fF: M — N bea smooth map between 
n-manifolds. Let (x*) and (y’) denote, respectively, smooth 
coordinates on open subsets U C MandV CU. Letubea 
continuous real-valued function on V. Then, on Un F-1(V), 
the following holds: 


F*(wdy' a ++» 0 dy”) = (wo F)(det DF)dx' »--- a dx”, 


where DF represents the Jacobian matrix of F' in these coor- 
dinates. 


Exercise 7.4.10. Prove the Proposition 7.4.9. 
Hint: look at Theorem 7.4.4. * 


Exercise 7.4.11. Let f : R? — R® be defined by 
f(a,y) = (a, y?, vy). 

Compute the pullback f*w where w is the form: 

Ll. w= ydy + zdz; 

2. w= 2dy A dz; 


3. w=dxrn dy a dz. 


Of course, also the interior product extends naturally to 
vector fields and differential forms, simply by letting it act 
pointwise: if X € X(M) and w e *(M), then the k — 1-form 
txw =X tw is defined by (X tw), = Xp Ip. 


Exercise 7.4.12. Let X e¢ X(M). Prove the following statements. 
1. If w is a smooth differential form, then zxw is smooth. 


2. The map vx : 0*(M) > OF-1(M) is linear over C?(M). 
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7.5 Exterior derivative 


We already saw in the previous chapters that the differential 
of a function f ¢ 2°(M) can be thought as a 1-form df € 0'(M). 
We are finally ready to generalise the concept to a mapd : 
O*(M) > O**1(M). You have already seen most of this in the 
context of multivariable analysis, however it is good to repeat 


it to set the notational conventions. 
The same exact definition holds 


Definition 7.5.1. Let w € ©*(U) for some open subset U c R” WERE tepiaced ey aes 
and let (e’) denote the standard basis for (IR”)*. If 


w=wyde', wre C”(U), 


then its exterior deriative dw ¢ Q*t!(U) is defined by 





dw := dw, 0 de! = Ss dw, ,...,in A de™ A+++ A de**, 
1<t1<:-+-<ip<n 
where dw, is the differential of the function wy. © 
Example 7.5.2. For a smooth 0-form?* f, we have that df = 2 A real valued function 





°f dx. If w is a 1-form, this instead becomes 


Ox? 


d(w;dx!) = Cap a A dad 
ox" 


ay ay 
OW, ; . COW; ; . 
= Ss —tdx' A dx? + dx" A dx? 
— ox" a ox" 








VJ w>J 
ow CW; 
= — — — | dz’ ~ dz’, 
H\ 0x oxi 
VJ 
consistently with our previous definitions. © 


Definition 7.5.3. Let now M be a smooth n-manifold and 

w € O*(M). Let (U,~) denote a chart on U c M with local 
coordinates (x*). Then, the exterior derivative is defined Lo- 
cally as dwly := y*d(y,w), that is, for 





wily =wyrdx?, wre C%(M), 


we define 
dw|y := dwy a da’. (7.4) 


This local definition immediately extends to global one via 
the following theorem. 


Theorem 7.5.4. Let M be a smooth n-manifold, (U,y) a chart 
onU cM and F: M — Na diffeomorphism between smooth 
manifolds. Then, for we Q*(N), we have F* (dw|p(y)) = dF* wv. 


Proof. Let (x’) denote the local coordinates of » and let 
(U,%) := (F(U),p o F7') be the corresponding chart on 
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F(U) < N with local coordinates (y’) on N. Locally, w = wdy’, 
thus we get 


F*uly =d 3 (wy o F)F* (dy) a +++ F*(dy"*) 
L=(G1ys..;t6) 


=d{ ro Fidy* oF) a+ a dy" oF) 
L231 ysth) 


=d Sy (wr o F)dx™ a --- a da 


- Sy d(wy 0 F) A da a-++ 0 da* 


= SS Fda) a dly" oF) a+ a d(y* oF) 
T=(i1 geney ik) 

= YY  Frd(wr) a F*(dy) 0-0 F*(dy"*) 
I=(i1 pene tp) 

= F*(du| py), 


where we repeatedly applied Proposition 7.4.4 and Exer- 
cise 5.3.9 to swap pushforwards and differentials. 














Corollary 7.5.5. Let M be a smooth n-manifold and (Uj, y;), 
i = 1,2, two charts on M. Then, for we Q*(M), the following 
holds 


PT (d(P1aW) 1 (UinUa)) = 2 (d(Y2%”) po(tirnUa)) - 


Therefore, the exterior derivative dw €¢ Q**1(M) is uniquely 
defined by the local definition (7.4). 


Proof. Follows from Theorem 7.5.4 applied with F’ = y o ge" 
yo(U) > vi(U), where U = U; 7 Ug. Indeed, since by the chain 
rule F* = (y31)* pt = yox(yy!)a, we have 


* 


vt (d(yiaw)o,(v)) = 03 ("2") * 9T (d(Yis)o,(0)) 
= 93 F* (d(pixw)9,(0)) 

= 2 (d(F *1%W)p9(U) ) 

=o (d( pox) oo(U)) . 














Exercise 7.5.6. Let F : M — N bea smooth map between 
smooth manifolds and we *(N), then 


F* (dw) = d(F*w). 
* 


Lemma 7.5.7. The exterior derivative satisfies the following 
properties. For all w,wi,w2e0*(M), ve Q"(M) and fe C*”(M), 


(i) d(wy + we) = dw + dw»; 
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(ii) d(fw) =df Aw + fdw; 
(iii) dw av) =dw av+(—-1)'w a dv; 
(iv) d(dw) =0. 


Proof. The first two properties immediately follow from the 
definition. Property (iii) follows observing that to compare the 
two sides of the equation, one needs to keep commuting the 
exterior derivatives of coefficients of y through the k-form w. 

The final property follows from the commutativity of the 
partial derivatives. Indeed, locally on a chart on U c M with 
coordinates (’), one has 

0? wy 


d(dw|y) = Szkagir it a dx? - da! 


2 2 
-> (< Tote) do x de!» de! 





‘ Oxkexi = Ox xk 
j<k 


= 0. 














Exercise 7.5.8. Compute the exterior derivatives of the follow- 
ing differential forms on R°: 


1. ady A dz; 

2. «dy — ydz; 

3. e-fdf where f =a? + y?+2?; 
4. «dx + ydy + zdz; 

5. ady A dz — ydx a dz + zdx a dy. 


* 


Exercise 7.5.9. Solve the equation dy = w for v e 0!(R*) where 
wis the 2-form: 


lL. dy A dz; 

2. ydy A dz; 

3. 2? +y? dx a dy; 
4. cos(x) dx ~ dz. 


* 


Let N c M a submanifold andi: N — M the corresponding 
inclusion. For w € Q*(M), we call i*w € Q*(N) the restriction 
of w to N. Exercise 7.5.6, then, implies that restriction and 
exterior derivative commute, that is, 7*dw = d(i*w). 


Example 7.5.10 (Exterior derivatives and vector calculus in R®). 
Let M =R®. Any smooth 1-form we 1(R°) can be written as 


w = Pdx + Qdy + Rdz 


131 


132 analysis on manifolds 


for some smooth functions P,Q, R « C”(R?). Using the proper- 
ties of wedge product, we can compute its exterior derivative 
and get the two form 





dw = (rac + oF ie ate) A dx 

















Ox Oy z 
(22 0 iy ie) na 
n (Fae n cy + as) nd 
= (2 -S) ac w+ (S Se) ae n det (SP) ay nae 


Similarly, an arbitrary 2-form 7 € 9?(R?) can be written as 
1 = udz A dy+vda a dz+wdy a dz, 


and one can check (do it!) 


dn = — 


ou _ ov ¢ Ow 
Oz Oy Ox 


) den dy 1 de 


If you compare the results we obtained above with the gra- 
dient (V), divergence (V-) and curl (Vx) from multivariable 
analysis, you would likely notice that the components of the 2- 
form dw are exactly the components of the curl of the vector 
field with components (P,Q, R). Similarly, the formula for the 
divergence will look very close to the formula for dz. What is 


going on? 

The standard euclidean metric on kk” is the metric associ- 
ated to the metric tensor? g;; = 5;;. We can use the musical 2 Cf. Definition 6.1.8. 
isomorphisms?4 to identify vector fields and 1-forms, obtaining 4 Cf. Example 6.1.9. 


for the components with respect to cartesian coordinates that 
U4= v'. 

Moreover, the interior multiplication yields another map 
6B: X(R°) > 0?(R3) defined by 8(X) =1x(dx a dy » dz), which is 
linear over C”(R*) (why?) and, thus, corresponds to a smooth 
bundle homomorphism from TR? to A?R® (why?). 

In a similar fashion, we can also define a smooth bundle 
isomorphism * : C%(R®) > 03(R3) via 


*(f) = fda a dy a dz. 


We can use the exterior derivatives to observe that the 
following diagram commutes 


cm(R3) Ys xR) “%. x(p3) 4 cp’) 


[i Pp le [x » (73) 


Qo(R3) —"5 OR) —25 92(R3) —*+ 03(R3) 
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The interest and need to generalize the operations of vec- 
tor calculus in R® to higher dimensional spaces have been one 
of the drives to develop the theory of differential forms. 

This is a more general fact related to 3 dimensional man- 
ifolds with a Riemannian metric MM. Then the maps defined 


above are still defined in the same exact way?” up to using 15 There is a more general operator 
the correct isomorphism induced by g and one obtains the * OF(M) > O"~*(M) appearing 
. ; : here. This is called Hodge star and 
following commutative diagram. is defined as the operator such that 
tT A «xo = gi(t,c)w, where w := «1 
is the Riemannian volume and gt 
x(M) is the inner product induced by g 


on covector fields via the musical 


b 
ae isomorphism between tangent 
t d and cotangent bundle. See [Lee13, 


0Q'(M) 0?(M) Exercise 16-18] or [AMR04, Chapters 
are 6.2-6.5]. 


N°(M) <> 2°(M) 


Walking the diagram?®, one can directly generalize V, V-, Vx 6 For a visual presentation of this 


and the Laplacian A to 3-manifolds: Mmaterial,.efer to. the Reaurinal 
youtube video There is only one 


derivative: the exterior derivative 


* grad := 4d: 0°(M) > X(M); by G. Bracchi. 
© div :=*xd«b:%(M) > °(M); 

+ A:= div grad = *d*d:0°(M) > °(M); 

© curl :=txdb:X(M) > X(M); 


where symbols’ juxtaposition means their composition. Since 
{ and b are defined in terms of g, it becaomes clear that all 
those operators are tightly related to the metric. There could 
be a lot more to say, but that will be more suite for a course 
in Riemannian geometry. A comprehensive free resource on 





the subject is [KSM93]. % 
Exercise 7.5.11. Show that the diagram (7.5) commutes; for 
example, 
eG 7 b 
df = a (Vf)ida’ = (Vf)’. 


Use the diagram to give a quick proof that (Vx) o V = 0 and 
that (V-) o (Vx) = 0 (physically this last identity implies that 
magnetic fields are divergence free). * 


Exercise 7.5.12. Let V a vector space of dimension k. A sym- 
plectic form on V is an element w e€ A?(V) which is non- 
degenerate in the sense that 1,(w) = O if and only if v = 0. 
Cf. Definition 6.1.8. A symplectic manifold is a smooth mani- 
fold M equipped with a closed differential 2-form w such tht 
w, is a symplectic form on T,M for every qe M. 





1. Prove that if a symplectic form exists, then k = 2n for some 
neéN, ie., it must be an even number. 


134 analysis on manifolds 


2. Let M be a smooth manifold. Define a 1-form 7 € 0!(T* M) 
on the cotangent bundle of M as 


Nap) = 4 pyP Ge M, pe TIM, 


where z : T*M — M is the projection to the base. Show 
that w := dd is a symplectic form on 7* M, that is, every 
cotangent bundle is a symplectic manifold. 


3. Show that for all ve Q'(M), v*\ =v. 


For example, w = 3)", a’ A a’t” ©€ 0?(R2”) is a symplectic 
form and plays a central role in classical mechanics. There, 
one usually calls a eas eee 8 li the position coordinates and 


(at,...,a”) the momentum coordinates. 








4. Show that forn=2,wraw=—2a! ana? aaa at. 


5. Generalize the previous computation to show that 








2n n n 
2a) Aye) 
/\ ok = 08 a nee ae Rages is A” Ww. 
n! n! 
K=1 n times 


7.6 Lie derivative 


Definition 7.6.1. The Lie derivative of a differentiable function 
f :M—R ona smooth manifold / in the direction of a vector 
field X :M—TM is the real function defined by 


Lx f :=df(X). 


From the Look of it, this seems just an alternative way to 
define the directional derivative. However, its power lies in the 
fact that we can extend it to k-forms with important conse- 
quences, one of which will be very useful in the next section. 


Definition 7.6.2 (Cartan’s Magic Formula). Let M7 be a smooth 
n-manifold and X « X(M). For w € 2*(M), we define the Lie 
derivative of w with respect to X as the k-form 


Lew := tx (dw) +d(txw). (7.6) 


% 


Since the exterior derivative raises the degree of the form 
and the interior product decreases it, the net effect of the 
formula above, is indeed, the production of a k-form, so Lxywe 
O*(M). 
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Exercise 7.6.3. Show that on functions the definition from (7.6) 
coincide with the one that we gave at the beginning of this 
section. * 


Exercise 7.6.4. Show that the Lie derivative is a derivation 
in the algebra 2*(M) of differential forms, that is, for w,v € 
Q*(M) one has 


Lx(wav)=(Lxw) Av+twa (Lxv). 


* 


It is possible to define the Lie derivative in a different way, 
in terms of the derivative of the pullback of w along the flow 
of X. Then the definition that we gave above becomes a the- 
orem, which is where the denotation Cartan’s Magic Formula 
comes from. 

Of course, we can recover the alternative definition as a 
theorem. Even though it is a bit impractical for computational 
purposes, flows are hard to compute, it gives a nice geometric 
interpretation of the Lie derivative: it describes the change of 
the differential form w along the flow generated by the vector 
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field X. 
Theorem 7.6.5. Let M be a smooth n-manifold, X € X(M) 
complete?’ and vy, its flow. Then, for all we Q*(M), one has 1 This is here to avoid having to 
think about domains of existence. 
dine *c The result holds also without this 
Fra w) = pplxw. extra hypotesis. 


Proof. Step |. Thanks to the group properties of the flow, it is 
enough to prove it for t= 0. Indeed, 








d d 
<(ytw) = (vt.)| 
— d OK 
= gp PEPE), 
d 
a fink 
Yt ds (pw) s<0. 


Step Il. We start with f « 0°(M) = C®”(M). In Local coordi- 
nates (z’), we have 





d ue 
dt ao ?t f (2) = tim f(w:(x)) — f(a) 
0 
. a made 


Step Ill. Let w = dz’ e0!(M), then 





de A stoigec d : 
ae. d i} — —(d * a 
a? ee a! al 
de ei 
=d(vEe')| _, 





= dx’. 
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On the other hand, 


Lx (dz) = ix (ddx’) + d(tx dx") 
= d(txdz") 
= dX". 


Step IV. The statement follows from Theorem 7.4.4 and 
Exercise 7.6.4 since every k-form can be locally written as 











w =wyda'. 





Remark 7.6.6. The Lie derivative can be extended to any ten- 
sor bundle 77 (1) with the following definition. This T’ € 7,°(M), 
for any pe M 


(LxT)p: 





(ek )*T), 


where as usual y;X denotes the maximal integral curve?® for X 
with initial point p. 

In general, for 7 € 7,5(M) and o € 7,5, the Lie derivative 
satisfies 


~ dtlt=0 


Lx(t @o) = (LxT)@c+7T@Lx(o), 


and commutes with contractions. Incidentally, it also satisfies 
LxY =[X,Y], 


and so it can be considered as a generalization of the Lie 
brackets. 

One nice little perk of the general definition, is that it 
makes it relatively straightforward to show that 


L£x(w(¥)) = (Lxw)(Y) + w([X,¥]), 


which is often very useful in computations. 

One can think to the Lie derivative as a mean to “differen- 
tiate” a tensor field (or a differential form) with respect to 
a vector field. Note that it does not allow us differentiate a 
tensor field (or a differential form) with respect to a single 
tangent vector: the value of £x(r) at a point depends on the 
values of X in a neighbourhood of the point, not just on the 
germ at X. y) 


7.7 De Rham cohomology and Poincaré lemma 


Definition 7.7.1. We say that a smooth differential form w ¢€ 
Q*(M) is closed if dw = 0, and exact if there exists a smooth 
(k —1)-form 7 on M such that w = dn. 

The fact that dod = 0 implies that every exact form is 
closed. ©) 


18 Remember, this is a diffeomor- 
phims from a neighbourhood of p 
onto a neighbourhood of ¢x (p). 
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The following example shows that not all closed forms are 
exact. However, it turns out that closed forms are always lo- 
cally exact but not necessarily globally, so the question of 
whether a given closed form is exact depends on global prop- 
erties of the manifold. This is the statement of the so-called 
Poincaré lemma. We are going to prove it in two slightly differ- 
ent flavours: its classical version and a slight generalization. 


Exercise 7.7.2. Let M = R?\{0}, {x,y} denote the standard 
euclidean coordinates in R? and w be the one-form on M from 
Example 5.4.2 given by 


_ ady — ydx 
gr py? - 


1. Show that w is closed. 


2. Show that w is not exact. 


Hint: compare Exercise 5.4.3.3 and Example 5.4.2. 
* 


Definition 7.7.3. We define kth de Rham cohomology group the 
quotient vector space defined by 





_ {closed k-forms on M} 


Hig(M) := 
az(M) {exact k-forms on M} 





We will denote the elements of H/.(M) by [w], where w is a 
closed k-form. Thus, by definition, [w + d6| = [uw]. o) 


We will use only elementary facts about de Rham theory 
in the course, but they play an important role in algebraic 
topology and mechanics. The de Rham groups, for example, 
turn out to be topological invariants. 

The following is a direct consequence of Exercise 7.5.6. 


Corollary 7.7.4. If F : M — N is a smooth map, then F* 
induces a well-defined map F* : Hi,(N) > Hi,(M) (denoted 
with the same symbol) via [w] > [F*w]. 


Without further ado, let’s look at a first version of Poincaré 
lemma on manifolds. As for all the Local concepts we have 
seen so far, the proof will reduce the problem to a euclidean 
statement to which we will apply the Poincaré lemma that you 
have seen in multivariable calculus. 


Theorem 7.7.5. Let M be a smooth manifold and w € Q*(M) 

closed, that is, dw = 0. Let U c M be open and diffeomor- 

phic to a star-shaped domain? of R”. Then, there exists 19 Cf. Lemma 2.3.15. 
ve O*-1(U) such that wly = dv. 


Proof. Letty: U > V c R” be a diffeomorphism between U 
and the star-shaped domain V c k”. Then @ := y,w is a closed 
k-form on V and, according to the Poincaré lemma on R”, there 
exists Ye Q'-!(V) such that & = dv. 
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To generalise this result further, we need to have a deeper 
look into de Rham theory. 


Definition 7.7.6. Two continuous maps hyo,h, : X — Y between 
topological spaces are said to be homotopic if there exists a 
continuous map K : [0,1] x X — Y such that K(0,-) = Ao and 
K(1,-) = hi. 

Two topological spaces X and Y are homotopy equivalent if 
there exists continuous maps f : X — Y andg: Y — X such 
that fog and go f are homotopic to the respective identity 
maps. 0) 





A crucial observation for our means is the homotopy invariance 
of the de Rham cohomology, which is a scary sounding prop- 
erty which is formalised by the following statement. 





Theorem 7.7.7. Let M be a smooth manifold and [0,1] x M the 
product manifold with boundary ({0} x M)u ({1} x M) uv ((0,1) x 
OM). Let i : M <— [0,1] x M be the injection i,(p) := (t,p) and 
m:{0,1] x M— M the projection onto M. Then, there is a map 


K : *((0,1] x M) = 2°1(M) 


such that for every differential ¢-form w € 0°((0,1] x M) one 
has 

K (dw) + d(K(w)) = it (w) — a9 (w) 
as elements of 0“(M). Furthermore, the induced maps on the 
de Rham cohomology 


ij, 47 : Ag, ([0, 1] x M) > Hga(M) 
coincide. 


Proof. Sayng that ij = i} on the cohomology, means that 
for any [w] « H4,((0,1] x M), their difference i*[w] — ix [w] = 
[cw — iw] = 0, is in the 0 class, that is, for any closed w the 
difference ifw — ijw is exact. 

If we apply the Fundamental Theorem of Calculus to iw as 
a function of t, we obtain ifw —ijw = i Sf (itw)dt, where S 
is the vector field on [0,1] x M corresponding to the standard 
basis element of [0,1]. The trouble, now, is that we don’t re- 
ally know what this integral is, and we need to show that on 
closed forms it produces an exact one. 

Let T := £ as vector field on [0,1] x M. We are going to 


ot 


show that, for we 0([0,1] x M), the map K is? 2 Note that for any pe M, 
1 1 
== Po 
K(w) := | i* (up (w))dt. K(w)p = {, (tr) (t,p) at, 
; ; ‘ ; where the integrand should be 
By choosing local coordinates on M, we see that the integral thought as a function of t on the 


is defining a smooth (¢ — 1)-form on M. In fact, to compute vector space A‘~1(T,M). That is, 

dk fete [ [ dint i d this is still a common integral, not 
(i (w)) we can pick some local coordinates (2’) and express an integral on a manifold! 

K(w) as a sum of terms of the form 


(f fu(t.ayat) da’. 


Applying the exterior derivative and differentiating under the 
integral sign we get 


A i 16 
5 (| fu(t.ayat) dxi » da! = ( H (t)dt) dei » dat. 
40, 0 0 Hb; 


That can be reassembled back to prove that the differential 
commutes with our integral: 


0 


Then, it follows from Cartan’s Magic Formula and Exercise 7.5.6 
that 


K (da) + d(K()) = [@Rer(de)) + dU (ere) a 





= | (i® (ur(dw)) + 8 (d(vrw))) at 


1 
0 


Let y», now denote the flow of 7, then y;(s,p) = (t + s,p) 
and thus i = yo %9. By Theorem 7.6.5 we can compute the 
integrand as 


te (Lrw) = ig (ys (Lrw)) 


Thus, by the classical Fundamental Theorem of Calculus we 
get 
ae) 
K (do) + a(K(w)) = | Fit wdt = Fw) - Ge), 
proving the first part of the theorem. 
To conclude the proof, take a closed ¢-form on [0,1] x M, 
then 


i ([w]) — 9 ([w]) = [AK (dw) + dK (w)] = [dk (w)] = 0, 





completing the proof. 











Remark 7.7.8. An alternative way to construct the function Kk, 
perhaps sligtly less explicit but that may give more Clarity to 
some of the statements, is the following. Re-using the nota- 
tions form the proof above, then Theorem 7.6.5 and Cartan’s 
Magic formula imply 
d * * 
a? w) = pplrw 

= pF (urdu) + dp; (urw) 

= K,(dw) + dK;(w), 
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21 Also known as Leibniz integral 
rule and Feynman’s trick. 
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where we defined 
K,(v) :=¢%(erv), ve OF([0,1] x M). 


The fundamental theorem of calculus then implies 


1 
d 
piw — pow = | (pf w)dt 


rr 
1 ~ ~ 
= | (Ri(dw) + ds(w)) at 
0 

= K (dw) + dK(w) 
where we defined 


K(v) := [ K,(v)dt, ve (0, 1] x M). 


The fact that vy, o%9 = i, and the computation above then 


imply? 22 As shown using the coordinate 
representation at the beginning of 
2 oe our previous proof, K(v) « 0f-1(M) 
1W—Iyw=t WwW Ww 
? 2 (91 Po ) and the exterior derivative does not 
_ i: (i (dw) 4 dk (w)) interact with the integral on (0, 1]. 


= K(dw) —dK(w) 


with K(v) := i*K(v). © 


An important consequence of Theorem 7.7.7 is the following 
theorem. 


Theorem 7.7.9. Let M and N two smooth manifolds and sup- 
pose F,G: M — N are two homotopic smooth maps. Then, 
the induced maps F’* and G* on the de Rham cohomology 
groups are the same. 


Proof. Since F' and G are homotopic, there is a continuous map 
K : [0,1] x M — N such that K(0,-) = F and K(1,-) = G. If we 
could assume K to be smooth, the theorem would follow from 


F* = (K 0i9)* =16 0 K* =i7 0 K* = (K 0%)* =G"*. 


23 This is a deep result related to 


In fact this is the case, thanks to the following theorem??, the Whitney Embedding Theorem 

; ; ; : from Remark 2.8.17 and is out of 

Theorem 7.7.10 (Whitney Approximation Theorem for continu- the scope of our course, for more 
ous maps). Given any continuous mapping Ge C°(M, N), there details refer to [Leel3, Chapter 6 


. : . . ; and Theorems 6.26 and 9.27]. 
exists F € C®(M,N) which is homotopic to G. Moreover, if G 
is smooth2* on a closed subset Ac M, then one can choose 

_ 74Note that a function f: M—> N 
F so that F=G on A. is defined to be smooth on a subset 
A c M if there is some smooth 


In particular, if two smooth maps are homotopic then they fulaction:g + i 5 N, defined onan 


are also smoothly homotopic: we can assume the map K to be open U > A such that g = f on A. 
smooth. 

To see this, continously extend K to a mapping K:RxM—> 
N by defining 


K(t,p) = K(0,p) if t <0, and K(t,p)=K(1,p) if t>1. 


Then K € C°(R x M,N) and smooth on the closed subsets2> 
{0} x M and {1} x M. By Whitney Approximation Theorem 
for continuous maps, there exists K : Rx M > M smooth 
and homotopic to K (but we don’t really care here) such that 
K = K on {0} x M and {1} x M, that is, K(0,-) = K(0,-) =F and 
K(1,-) = K(1,:) = G. That is, K is the smooth homotopy we 
were looking for. 














Corollary 7.7.11. Let Mf and N be smooth manifolds that are 
homotopy equivalent. Then M and N have isomorphic de 
Rham cohomology groups. 


Proof. Let F: M— N andG: N — M be continuous maps such 
that FoG and GoF are homotopic to the identity maps. By the 
Whitney Approximation Theorem 7.7.10 we can approximate F 
and G by smooth maps that we keep denoting with the same 
symbols. By the previous theorem, then, (fo G)* and (Go F)* 
coincide with the maps induced by the identity. Since id* is 
clearly the identity, we see that F* is an inverse to G*, which 
concludes the proof. 














We are almost there. 


Definition 7.7.12. A topological space is said to be contractible 
if it is homotopy equivalent to a point, that is, there exists 
po € M and a continuous?® map 


K :[0,1])x M—>M with K(0,-) =idy¢ and K(1,-) =po. 


Corollary 7.7.13. Let M be contractible, then H§,(M) = 0 for 
allk>1. 


Proof. The statement is clear?’ if M is equal to a point. The 
rest follows applying Corollary 7.7.11. 














Exercise 7.7.14. Let M be a smooth manifold. Define the fol- 
lowing spaces 


Z*(M) :=ker(d: O*(M) > Q**1(M)) = {closed k-forms on M}, 


B*(M) := im(d: Q'-1(M) — 0*(M)) = {exact k-forms on M}. 


Then 
Hk, (M) = Z*(M)/B*(M). 


Reasoning on the structure of those spaces, prove the follow- 
ing statements: 


1. H§,(M) = RO where C denotes the number of connected 
components of MV; 


2. if M is n-dimensional, then H§, = {0} for all k>n. 
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25 By the definiton in the margin 
note above, in our case it is only 
required that g(0,p) = f(0,p) for all 
pé€ M but nothing is required on f 
in a open neighbourhood of {0} x M! 


26 In fact, we now know that we can 
assume it is smooth. 


The map K continuously “contracts” 
M into a single point po « M. 


Note that this means that for 
contractible manifolds, the space of 
close and exact k-forms coincide for 
all k>1. 


27 What is dim(M) in this case? 
What kinds of differential forms can 
we define? 
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* 
Exercise 7.7.15. Prove that H!,(R”) = R and H*,,(R”) = {0} for 
all kA > 1. * 


Remark 7.7.16. De Rham cohomology is defined in terms 
of spaces of differential forms and, as such, seems a priori 
deeply tied to the differential structure. However, the corol- 
lary that we just proved is all about topology and in particular 
tells us that de Rham cohomology cannot see the smooth 
structure on a topological manifold. There is more, de Rham’s 
theorem [Leel3, Theorem 18.14] states that the de Rahm coho- 
mology group is isomorphic to the so-called singular cohomol- 
ogy, a purely topological concept. 
On the face of it, we might start thinking that the de Rham 
cohomology is a far too coarse invariant to be useful: follow- 
ing the previous exercise, one might be led to believe that 
we cannot even distinguish between Euclidean spaces. Luckily, 
however, this is not the case. For instance, we can prove the 
invariance of dimension theorem?®, using de Rham cohomology. 8 lf m # n, then a nonempty topo- 
Let us sketch a proof here, based on the homotopy invariance Rca pee ae 
of de Rham cohomology. Problem 13-3]. See also the discus- 
Suppose that R” ~ R” and assume wil.o.g, that m > n. sion at the end of chapter 1.1. 
If the spaces are homeomorphic, then also R”\{0} = R™\{O}. 
But R”\{0} ~ 9”~!, where ~ denotes homotopy equivalence. 
This homotopy is explicitly constructed by radially retracting 
R”\{O} onto the unit sphere. Then our assumption that R” ~ 
R™ implies that H5,(S"-") = H4.(S"-*) for all & > 0, by 
homotopy invariance. However, from this we would derive a 
contradiction, due to the fact that 





HE(S")=R if k=0,n 
H§,(S") = 0 otherwise 


We leave the computation of the cohomology of spheres as an 
interesting exercise. A useful tool for this computation is the 


Mayer-Vietoris sequence*?, which is unfortunately not part of 2° For more details, see [Lee13, 
the course Chapter 17.3] or [Tull, Chapter 26]. 


Finally, we are ready to show a more general version of the 
Poincaré lemma as promised. 


Corollary 7.7.17 (Poincaré lemma). Let M be a smooth mani- 
fold and let we *(M) be a closed differential form of posi- 
tive degree k > 0. For any point p € M there exists a neigh- 
bourhood U of p such that wly is an exact form in Q*(U). 


Proof. Every point in a n-manifold has a neighbourhood which 
is homeomorphic to k” and so is contractible. 














8 
Integration of forms 


We finally have all the main ingredients to generalize our 
line integral detour and discuss integration of n-forms over 
n-dimensional manifolds. 


We know from calculus one, or our line integral examples, 
that the direction in which we traverse the interval, or a curve, 
can actually make a difference. As it turns out, the sign of the 
integral of a differential n-form is only fixed after choosing an 
orientation of the manifold. But what is an orientation? 

lf for a curve an orientation is simply a choice of a direction 
along it, so we can make sense of it in terms of a clockwise 
or a counter-clockwise motion, generalising the concept will 
require an extra abstraction step. Not just that, you have seen 
already that in Ik” there is a notion of standard orientation, 
but in other vector spaces we may need to make arbitrary 
choices. For manifolds, the situation is much more complicated: 
for example, on a Mébius strip? it is impossible to make any 
such choice, it is non-orientable. 


8.1 Orientation on vector spaces 


Let’s proceed step by step by first revisiting some results 
from multivariable analysis. If you need a reference to review 
this material, you can refer to [AMRO4, Chapter 6.2] or [Tu11, 
Chapters 21.1-21.2]. 


Definition 8.1.1. Let V be a one-dimensional vector space. 
Then V\{0} has two components. An orientation of V is a 
choice of one of these components, which one then Labels 

as “positive” and “negative”. A positive basis of V then is a 
choice of any non-zero vector belonging to the positive com- 
ponent, while a negative basis of V is a choice of any non-zero 
vector belonging to the negative component. o 


Example 8.1.2. The standard orientation of R is give by declar- 
ing that the positive numbers are the positive components of 


Cf. Example 1.5.2. 
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R\{0}. A common choice as positive basis for R is {e; = 1} while 
a negative basis could be {—e}}. .) 


If V be a n-dimensional vector space, we know by Proposi- 
tion 7.2.2, that A”(V) is a one-dimensional vector space. More- 
over, if {e1,...,en} is a basis for V, then e! A --- A e” is a basis 
for A”(V). 


Definition 8.1.3. Let V be a n-dimensional vector space. An 
orientation on V is a choice of orientation? on the one-dimensional ?That is, we are talking about a 


vector space A"(V). Therefore there are exactly two orienta- patie from an equivalences 
tions: we say that a basis {e1,...,e,} of V is positive (or posi- 

tively oriented) if e' A --- ~ e” is a positive basis of A"(V) and 

negative (or negatively oriented) otherwise. » 


Example 8.1.4. If e; is the standard zth basis vector in kK”, the 
standard orientation of R” is given by declaring that ev --- A 
e” is a positive basis of A”(IR”) and thus that {e,,...,e,}is a 
positive basis of Ik”. % 


An automorphism T': V — V is called orientation-preserving 
if it maps positively oriented bases to positively oriented 
bases (and orientation-reversing otherwise). Due to the way 
different bases are transformed by n-forms, this is equivalent 
to say that det 7’ > 0. 

In fact, the orientation is completely characterized by the 
action of n-forms on the bases, as the following lemma shows. 








Lemma 8.1.5. Let V be a n-dimensional vector space and let 


w € A"(V) be nowhere vanishing. Then, all bases {v1,..., Un} 


3 orientation for V. 3Not necessarily the positive orien- 


tation! 


for which w(v1,...,Un) > 0 give the same 


Exercise 8.1.6. Let V be a n-dimensional vector space, prove 
that two nonzero n-forms on V determine the same orienta- 
tion if and only if each is a positive multiple of the other. x 


This allows to define an egivalence relation between orien- 
tations in terms of the nonzero elements in A”(V). We call 
these nonzero elements volume elements. 

Two volume elements wj,w2 are equivalent if there exists 





c > 0 such that w, = cw2. Then, the previous exercise implies 
that the classes of equivalence [w] of volume elments on V 
uniquely determine orientations on V. 


Remark 8.1.7. Of course, if V is a vector space, then an orien- 
tation on V canonically determines an orientation on the dual 

space V* by declaring that the basis dual to a positive basis is 
itself positive. > 


We now need to extend all this to manifolds. 
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8.2 Orientation on manifolds 


Tangent and cotangent spaces are vector spaces, so what 

we discussed in the previous section directly apply (as usual). 
Moreover, we can bundle up over our manifold into a vector 
bundle. Differential n-forms, then, seem a reasonable concept 
to define a notion of orientation for a manifold, at least if we 
think about their pointwise meaning of assigning an orientation 
to each fiber of TM. 


Definition 8.2.1. A volume form’ on a n-dimensional smooth *Sometimes also called orientation 
manifold M is a n-form w € 2"(M) such that w(p) # 0 for all fora 

p € M. We say that M is orientable if there exists a volume 

form on M. © 


Example 8.2.2. According to this defitinion R® has the standard 
volume form w = dz a dy A dz. © 


Of course, one does need to make sure that locally we can 
make sense of this concept of orientation for it to even make 
sense as a definition. By Lemma 8.1.5 each chart (U,y) in the 
atlas determines an orientation at each point of its domain, 
which will be positive if det(dy) > 0 and negative otherwise. 
This procedure can be repeated for each chart in an atlas for 
M. Thus, in order to get a globally consistent ordering, we 
need to worry about the overlaps between charts. 


Proposition 8.2.3. Let M be a smooth, connected n-manifold. If it is not connected, then we 
need to deal with each connected 


Then the following are equivalent: 
component separately. 


1. M is orientable; 


2. there exists w € Q"(M) such that every other 7 € Q"(M) 
may be written as 7 = fw for some fe C”(M); 


3. M has an atlas {(U;,¢;)} such that the Jacobian determi- 


nant of the transition maps is positive>. Such an atlas is > That is, det(Dy;;) > 0 for all the 
transition maps yi; == pi oy; |, and 
therefore all the charts have the 
same orientation. 


said to be oriented. 


Proof. Part l: 1. <= 2. Assume M orientable with a volume 
form w and let 7 € 2"(M) be any other differential n-form. 
Since every fiber of A” M is one-dimensional, we can directly 
define f : 1 —R pointwise via the equation 


Np = f (Pp) wp- 


We need to show that f ¢ C®(M). Locally, for some chart with 
coordinates (z’) on M, we have w, = w(p) dx a --- A dx’ and 
Np = n(p) dz a--- A dx’, where both coefficients are in C”(M). 
Since w(p) # 0 for allp € M, f(p) = n(p)/w(p) is a smooth 
function. 

Conversely, if wis a basis for 2”, then it must be nonvanish- 
ing for all pe M since each fiber is one-dimensional. 
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Part Il: 1. = 3. Assume & is orientable witha volume form 
w. By eventually restricting the domains, let the atlas A = 
{(U;, yi)} be such that y;(U;) Cc R” is connected. Denote wo = 
dz! ~--» A dx” the standard volume form on R”, then by the 
previous part of the proof, (y;)xw = fiwo for some smooth 
function f; 4 0. Without loss of generality® we can assume S|s it clear why? 
fi > 0. 
Let y, and y be two different charts in A with overlapping 
domains (otherwise there is nothing to check). Define the tran- 
sition Map ox = YROY) 


(ox)edz’ A+++ A dx” = (yr)x ° (yj, Jada’ A+++ A dx” 





Thus, by Proposition 7.4.9, we get 
Sk 


det(Doj,) = a on 


> 0. 





For the converse, let p; denote a partition of unity subordi- 
nate to the oriented atlas {(U;,y;)}. Define 


pilp)wi(p) if pe U; 


wi = ytdz'a---adz™ € O"(U), @i(p) := ; Po. 


Since supp(p;) < U;, we have @; € 2"(M). Let w := >), @;. This 
sum is finite in a neigoourhood of each point so, in particular, 
w € "(M). We need to show that it is a volume form on M. 
On nonempty overlaps U;, 0 U; 4 © of charts we have 


wy, = pe da’ A+++ A dx” = ytok da’ n+». a da” 


n 


= (det(Doy,) 0 ve) ope dx’ A+++ a dx 
= (det(Doik) © Pr) Wk =! O1nWe (8.1) 


where ay, € C?(Ux 0 U;), ai > O and there is no implied 

sum’, Since the covering {U;} is Locally finite®, a point p ¢ M 7 ALL indices are low indices. 
belongs only to a finite number of open sets, let’s call them Peee: TRESIeIn as: 

U;,, Ui,,..., Vin» That is, 


N N 
w(p) = » Wi, (p) = (: at >» eu) Wig (Pp) # 0 
k=1 k=1 


since w;,(p) # 0 and a;,;, > 0. That is, for all p € M we have 
that w(p) 4 0. 














Definition 8.2.4. A manifold MM with an oriented atlas is called 
oriented manifold. If an orientation exists, we call orientation 
the equivalence class of atlases with the same orientation. 
Otherwise we say that the manifold is non-orientable. © 





A consequence of Lemma 8.1.5 and the first part of Propo- 
sition 8.2.3 is that if a connected manifold is orientable, then 
there are exactly two different orientations. 
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Definition 8.2.5. Let 17 be an oriented smooth manifold. If 
(U,y) is a chart with local coordinates (x’) such that, in the 
coordinate representation, the volume form w = w(x)dx! a 
- A dz” with w(x) > 0, then we say that the chart y is 

positively oriented with respect to w, otherwise we say that 

it is negatively oriented. Similarly, if AZ is connected and the 
charts for the oriented manifold are positively (resp. nega- 
tively) oriented, we say that the manifold is positively (resp. 
negatively) oriented. ~) 








Example 8.2.6. Let M =S!c R?. This is an orientable manifold 
and we can find an orientation using the stereographic projec- 
tions from Exercise 1.2.29. Let U; = S'\{N} and Uz = S!\{S}, 
with the associated diffeomorphisms 


2p! 2p" 
= —, and = — >. 
ay) =s — yo(p) ltp 
Let’s pick a coe pylenbationy By choosing as basis X, € fWerahe nae makingup-anyching: 
T,M given by” X, = ser +p" 57 Then, on U,, if you look carefully this is just 
Xp = 09. 


(y1)#(X) = (der)p(X) 


= (22 2) -p?\ o 
I—p2 (=p?) 7 6x 





pi(p) 





1— p? Azle)’ 


and —2 > 0. If we perform the same computation on Us, how- 


2.0 


ever, we obtain X) = --455 
(g2)a(X) =~ Sl 


, with the negative 





coefficient ea < 0, corresponding to the opposite orienta- 
tion on Uz. Of course, in this case, not all is lost: by choosing 
Qo(p) = v2(—p', p?) we obtain (G2)4(X) = Ely with the a 
positive coefficient ie > 0, which shows that X, defines an : SS T, 
orientation on the whole S!. © z 





Exercise 8.2.7. Check that the Jacobian determinant det(D(y2 0 
y;-)) of the transition chart from Exercise 8.2.6 is negative, 
while det(D(G2 0 y;")) is positive. * 7 


Exercise 8.2.8. Consider the open Mobius strip M, a variation 
of Example 1.5.2 defined as the quotient of R x (—1,1) via the 
identification (x,y) ~ («+ 1,—y), and denote 7: Rx (-1,1) > M@ 
the corresponding projection map. The Mobius strip inherits 
the differentiable structure from R?, so we need to show that 
there is no orientable atlas which is also compatible with the 
differentiable structure on M. 








1. Define the map o : R x (—1,1) — R x (—1,1) by o(z,y) = 
(c+ 1,-y) and show that roo =7. 


2. If 7 € 2?(M) defines? f by a*n = fw where w is an area’+ 1 Cf, Exercise 8.2.14. 


form on R x (—1,1). Show that f(2+1,—-y) =—f(z,y). “Le. a volume 2-form. 
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3. Conclude that f must vanish at some point of R x (—1,1), 
which implies that M is non-orientable. 


* 


Exercise 8.2.9. Let f ¢ C”(R”"*") with 0 as a regular value. 
Show that f~1(0) is an orientable submanifold of R”*?, x 


Remark 8.2.10. This definition can be immediately extended 
to vector bundles. Given a real vector bundlez: # —> M, 
an orientation of & means that for each fiber E,, there is an 
orientation of the vector space &,, such that each trivialization 
map 

yu : a 1(U) > U x R®, 


Otherwise said, we can cover the 


with kR” equipped with its standard orientation, is fiberwise - : 
manifold by (continuous) local 


orientation-preserving. With this definition, the orientability frames whose local trivializations 
of M coincides with the orientability of the bundle TM — are orientation preserving. 
M. % 


Exercise 8.2.11. Let M be a smooth manifold without boundary 

and z: TM — M its tangent bundle. Show that if {(U., y.)} is 

any atlas on M, then the corresponding** atlas {(TU,,%.)} on 22 Remember Theorem 2.6.3. 
TM is oriented. This, in particular, proves that the total space 

TM of the tangent bundle is always orientable, regardless of 

the orientability of M. * 


A remarkable consequence of Exercise 8.2.11 is that 7M, as 
a manifold on its own right, is always orientable, even if / is 
not. 


What about orientation on the boundaries? 


Let’s first look at the tangent space. If 17 ia a smooth n- Gn, dy 
manifold with boundary and p € 0M, we have three types of ‘ 
possible vectors: “ae 
1. tangent boundary vectors: X « T,(0M) < T,M tangent to 

the boundary, forming an (n — 1)-dimensional subspace of oa i 

T)M; 


2. inward pointing vectors: X € T,M such that X = y,'(Y) 
where gy! : V c H” — M and Y is some vector Y = 
(Yi,...,¥n) with Y, > 0; 


3. outward pointing vectors: X ¢€ T;,,M such that —X is inward 
pointing. 


Thus, a vector field along 0M is a function X : 0M — T,M (not 
to T,0M). 


Proposition 8.2.12. On a smooth manifold M with boundary, 
there is a smooth outward pointing vector field along 0M. 


Proof. Pick an open cover of 0M with coordinate charts {(U,,(xi,..., 2”) | 
a e¢ I}. Then X, = —32 on U. 9 OM is smooth and outward 


—F3gn 
Onn 
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pointing. Choose a partition of unity {p. | ae I} on 0M subordi- 
nate to the open cover {U, 10M |ae TI}. Then X := D) oe; PaXa 
is a smooth ouwtard pointing vector field along 0M. 














We can use this to introduce a notion of induced orientation 
on oM. 


Proposition 8.2.13. Let M be an oriented n-manifold with 
boundary. If w is a volume form on M and X a smooth outward- 
pointing vector field on 0M, then txw is a smooth nowhere- 
vanishing (n—1)-form on @M and, thus, 0M is orientable. 


Proof. Since both w and X are smooth, the contraction txw is 
also smooth. We need to check that it cannot vanish. 

Assume that uxw does vanish at some point p € 0M, that 
IS, (0) (@ijsce jaa) = 0 for all o),.,.;%-1 © T,(@M). Let 
{€1,---,€n—1} be a basis for T,(0M/). Then {Xp,e1,...,en-1} is a 
basis for TM such that 


Wal Xp Byes <p Onni) = xO) pCi, oes pla) = 0. 


Then, by Exercise 7.2.11, w, = 0 reaching a contradiction. 
Therefore, uxw is non-vanishing on 0M which means that 0M 
is orientable. 














Exercise 8.2.14. Let M be an oriented manifold with bound- 
ary, w a volume form for M and X a smooth outward pointing 
vector field along 0M. Prove the following statements. 


1. It o is another volume form on M, then o = fw for some 
everywhere positive f ¢ C?(M). Prove that uxo = fixw on 
OM. 


2. Show that if Y is another smooth outward pointing vector 
field along 0M, then there is an everywhere positive f € 
C”(M) such that vyo = fixw on 0M. 


* 


Note that if {(U;, y;)} is a positively oriented atlas on M, 
then {(U;j|aar, Yilaaz)} can be negatively oriented. Let w = dz! ~ 
--» A dz” be a positive volume form on M on one of the charts, 
then —~°, is an outward pointing on dH” and we havel? 


anh 3 Recall Lemma 7.3.2. 


b_afoum (da’ a ++» A dx”) = —lafoxn (dz' a --- a dx”) 
= —(-1)"""dae! A+ a dz™* a Lajoun (dz) 


= (-1)"da" A+++ a dx”, 


Thus, for example, the boundary orientation on GH! = {0} is 
—1, the one on 0H? is the standard orientation on R given by 
dx' and the one on éH? is —dzx! ~ dx?, which is the clockwise 
orientation in the (x', x”)-plane, etc. 
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Example 8.2.15. The closed interval [a,b] cC R with standard 
euclidean coordinate x has a standard orientation given by the 
vector field &. Therefore?*, the boundary orientation at b is 
to (dz) = +1 and the one at a is t_o (dx) =-1. % 
Exercise 8.2.16. Orientability is common but there are many 
examples of nonorientable manifolds. 


1. Prove that S” is orientable. 


Hint: above there is a small exercise that can help a lot here. 
2. Prove that any Lie group is orientable. 


3. Prove that RP” is orientable if and only if n is odd. 


Hint: the antipodal map «+> —x on S” can help. 


8.3 Integrals on manifolds 


To avoid unnecessary complications, we will only integrate n- 

forms with compact support. Armed with our experience with 
line integrals, fond memories of multivariable analysis and our 
recent discoveries, we are finally ready to talk about integrals. 
Let’s keep things simple and go one step at a time. 


Definition 8.3.1. Let M7 be a smooth n-manifold and (U,y) be 
a chart from an oriented atlas of M with coordinates (2°). If 
we Q"(M) be a n-form, n > 0, with compact support in U, we 
define the integral of w as? 


| w= | w= | Puw =| w(x)dz'---da™, 
M U y(U) re 


where the last is the usual Riemannian integral on k” and, on 
the chart? 


yaw = w(x) dz’ v-+- a dx” € Q"(R"). 


For convenience we may sometimes write d’z := dr! --- dz”. 
If M is an oriented 0-dimensional manifold and f ¢ 2°(M) = 
C”(M), than we define the integral to be the sum 


f:= >) +f0), 
M peM 
where we take the positive sign at points where the orien- 
tation is positive and the negative sign at points where it is 
negative. The compactness assumption here implies that there 
are only finitely many nonzero terms in the sum. » 


To make sure that this definition makes sense, let’s show 
that the integral is well-defined, that is, up to orientation it 
does not depend on the chosen chart. 


4 Recall the charts in Example 1.5.9. 


1 Recall that for a diffeomorphism 


d, ox — (o-")*. 


© In general, locally w = 

A Wityesin (x)dx*t A --- a dan, 

but, by reordering the basis element 
for each term in the sum, we can 
always write it in the more compact 
form presented here. 


Everything in Definition 8.3.1 re- 
mains valid if R” is replaced by 
HY. 


Lemma 8.3.2. Suppose w € 2"(M) with compact support 
suppw C UAV, where (U,y) and (V,w) are two positively 
oriented charts on the oriented manifold M. Then, the value 
of the integral Sage is independent on the chosen chart. 


Proof. Let y and w= be two charts on W =U‘ V with the same 
orientation and local coordinates x and y, let co = wo! be the 
corresponding transition map. Then, a computation completely 
analogue to (8.1) implies 


i PuW = | Wa. 
e(W) o(W) 














To be able to integrate charts which are not supported in 
the domain of a single chart, we now need the help of a parti- 
tion of unity. 


Definition 8.3.3. Let 17 be a smooth oriented manifold and 
A = {(Ui,;)} a positively oriented atlas. If w € "(M) has 
compact support, then the integral of w is defined as 


| w= > | pjw, (8.2) 
L4 Jay 
where {p; | 7 =1,...,N} is a partition of unity subordinate to a 


finite cover*’ of suppw by charts domains {Uj}. oy 


The definition above makes sense only if the value of the 
integral is independent of the chosen partition, but with the 
help of the previous lemma this is easily checked. 


Lemma 8.3.4. The value of Sug is independent from the 
choice of the atlas and the choice of partition of unity. 


Proof. The independence from the choice of the charts was 
demonstrated in Lemma 8.3.2. Let {@;} be another partition 
of unity subordinate to a (possibly different) finite cover by 
charts {(V;,~,;)} with 3) 6;(p) =1 for pe suppw. Then we have, 


whe - (5) e (pjw ee ie em (os Ba 
=D {ids (stew) 


=) ls ine (Ze) 











where in (@) we used Lemma 8.3.2. 
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In multivariable analysis you saw 
already the invariance of the 
Euclidean integral by orientation- 
preserving changes of coordinates, 
namely for F : R”® — R” ori- 
entation preserving diffeomor- 
phism and w € ”(R”), it holds 
Spa) ¥ = S4 F*w. This can be also 
directly used to show 


) Paw =| Pu 
o(W) o—1(p(W)) 


The terms on the right hand side 
of (8.2) are all integrals as in Defini- 
tion 8.3.1. 


7 Such that ee pj(p) = 1 for 
pe suppw. 
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Which immediately implies the following nice result. 


Theorem 8.3.5 (Global change of variables). Suppose M and 
N are oriented n-manifolds and fF: M — N is an orientation 


preserving diffeomorphism. If we O"(N) has compact support, 


then F*w has compact support and the following holds 


| w= | F*w, 
N M 


Proof. First of all, observe that supp(F*w) = F~+(supp(w)) 
which is compact since manifolds are Hausdorff spaces and F’ 
is continuous. 

Let now {(U;,;)} be an atlas of a positively oriented chart 


on M and {p;} a subordinate partition of unity. Then, {(F(U;), pio 


F~1)} is an atlas of positively oriented charts for N and 
{p; 0 F~+} is a partition of unity subordinate to the covering 
{F(U;)}. By Lemma 8.3.4 we have, 


which shows the commutativity of the following diagram 


Qr(M) <——?*—, arn) 


: 
Snr 
NO 





and concludes the proof. 











This justifies the following definition. 


Definition 8.3.6 (Integral on submanifolds). Let MM an oriented 
smooth m-manifold, N an oriented smooth n-manifold and 
J: N — M asmooth map?®, If w ¢ 2"(M) restricted to J(N) 
has compact support, we define 


i w= | J*w. 
N N 


In particular, if M is compact, oriented, smooth m-manifold, 
we ™-!(M) andi: 0M — M is the inclusion of the boundary 
in M, we can interpret unambiguously 


| w= | i*w, 
aM aM 


where 0M is understood to have the induced orientation. 


181f N c M is a submanifold, then 
J : N — M is just the inclusion 
map. 


Example 8.3.7. Let M = [a,b] c R equipped with the canonical 
global atlas {(M,idp|ac)} and f € Co°(M), i.e., smooth with 
compact support?9. Then, df ¢ 2'(M) and suppdf c supp f is 
compact as well and we have 


[ #- [ Fan = f(b) — f(a) = im. 


Exercise 8.3.8 (Fubini’s theorem). Let W@™ and N” be oriented 
manifolds. Endow M x N with the product orientation, that 
is?®, if my : Mx N — Mandy : Mx N — N are the 
canonical projections on the elements of the product, and w 
and 7 respectively define orientations on M and N, then the 
orientation on M x N is defined to be the orientation defined 


) 


Oy Thpw A TN 
If ae O™"(M) and 8 € N"(.N) have compact support, show 
that 
ax B= (mya) A (THB) 
has compact support and is a (m+ n)-form on M x N. Then, 
prove Fubini’s theorem: 


bette) 


Exercise 8.3.9. Let {e1,...,€n41} be the standard basis of R™++ 
and Q,41 := €; A+++ A €n4i1 the induced volume form. On S” 
define w, € 0"(S”) by 


* 


Wwr(S)(U1,---,Un) = On41(8, U1, ---;Un) 


for se S” and vy,...,U, € TS”. 


In this exercise we are going to define a canonical volume w,, 


on S” and prove that 
gm+rlpzm 
[w= Qm—1)!’ 


a_mtt 
I Wn = r? 
n ™m: 


1. Show that w,, is a volume form on S”. In fact it is the so- 
called standard volume form on S”. 


ifn = 2m, m2>1, 


and 


ifn =2m+1, mF 0. 


2. Let f : Ry x R"*+\{0} > R”*1\{0} be given by f(t,s) = 
ts, where R, is defined to be the set {t e R | t > O}. 
Show that if Ry is oriented by dt, S” is oriented by w,, and 
R”’+1 is oriented by Qn+1, then the Jacobian determinant 
det(Df(t,s)) =t". Conclude that f is orientation preserving. 


3. Let M be the annulus M = {x € R"*! | 0 <a < |al| < 
b < co}. Consider the restriction f|(q.4).sn and show that for 
ce Rs, 
f (eo, 1) = te" (dt x wp), 


where dt x w, is a product volume form as in Exercise 8.3.8. 
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18 Which does not mean f(a) = 
f(b) = 0 since [a, b] is itself com- 
pact. 


2° An equivalent way is to say 
that if u1,...,um € TpM and 
W1,..-,Wn € T,N are positively 
oriented bases in the respective 
spaces, then 


(v1, 0), event) (un, 0), 
(0, w1), tees (0, Wn) 
€ T (p,q) (M@ x N) 


is defined to be a positively ori- 
ented basis in the product. 
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4. Show that 


b 
ell Oy =| re Pat | Wy: 
Rr41 a n 


5. Consider the limits a > 0+ and b — +00 and show that 


or) ‘ +00 > n+l 
| te! at | Wn = (| e “ au) : 
0 n 65 


6. Assume to know that = ec du= /7™ Show that 


[i ome ay = MSDN ng [emi hg 
0 gmt i 5) 


and use them to deduce the required formulas for |... wn. 


Corollary 8.3.10 (Of Theorem 8.3.5). Let F : M — M bea 
diffeomorphism and w € 2"(M) an invariant volume form, 
that is, F*w = w. Then, for all compactly supported smooth 
functions f ¢ CS°(M), the following holds 


Proof. Follows form the previous exercise by observing 


F* (fw) =(foF)F*w =(foF)w. 














This corollary has deep consequences in classical mechanics, 
which | am going to teach in the master and you are welcome 
to attend! 


Remark 8.3.11. The integral defined in this section can be 
extended rather immediately to measurable functions. Let 

w €"(M) be a positive volume form and let f : M — [0,0) be 
measurable. Then one can define 


I, a= 3 ao 
7 3) ee 0; )(Pi)aw 
7 | a oy; )(a)w(x)d"a, 


where the last integral is a Lebesgue integral on Ik”. One then 
calls f : M — R integrable, saying f €¢ L'(M,w), if |,,|flw < 2 
and defines its integral as §,, fw := §,, ftw —J,, f-w, where 
ft denote the positive and negative components of f as in the 
euclidean case. © 


8.4 Stokes’ Theorem 


Stokes’ theorem states that if w is an (n — 1)-form on an ori- 
entable n-manifold 1, then the integral of dw over M equals 
the integral of w over 0M, generalising our observations for 
the Line integral. This is a beautiful and very important results, 
with deep consequences. The most immediate ones are the 
classical theorems of Gauss, Green and Stokes, which are just 
a special cases of this result. 

We are going to state the theorem, discuss some of its 
consequences and then give its proof. 


Theorem 8.4.1 (Stokes’ theorem). Let M be an oriented n- 
manifold with boundary and let w « 2"-1(M) be compactly 


| aw = | Ww. (8.3) 
M aM 


Corollary 8.4.2. Let M be an oriented n-manifold without 
boundary and let we ”"~!(M) be compactly supported. Then, 


| dw = 0. 
M 


That is, the integral of a compactly supported exact form 


supported. Then, 


over a manifold without boundary vanishes. 


Corollary 8.4.3. Let M be a compact oriented n-manifold with 
boundary and let we ”"~!(M) be closed. Then, 


| w=0. 
aM 


That is, the integral of a closed form on the boundary ofa 
compact manifold vanishes. 


Corollary 8.4.4. Let M asmooth m-manifold, N an oriented 
smooth n-manifold and J : N > M asmooth map“. If w € 
Q"-1(M) restricted to J(N) has compact support, then 


| dJ*w = | J*w, 
N aN 


where ON inherits the orientation of N. 


Corollary 8.4.5 (Green’s theorem). Suppose D is a compact 
regular domain in R? and P,QeC%(D), then 


0Q «OP = 
|, (2 - =) dxdy = [ee + Qdy). 


Remark 8.4.6. The requirement of compactness in Stokes’ the- 
orem may seem there just to avoid technicalities involving the 
convergence of the integral, however, it also avoid subtleties 
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Here, 0M inherits the orientation 
from M as in Definition 8.3.6, w on 
the right-hand side is interpreted 
as i*w where i: OM <— M is the 
inclusion of the boundary and if 
OM = © then the right-hand side is 
interpreted as 0. 


On a similar note, the fact that 
ddw = 0 for every w € 2"(M) 
corresponds to the fact that a 
boundary has no boundary, that is 
00M = © for any M: indeed, for 
any wé"(M) one has 


o={ ddv=| dw=[ wu. 
M OM 0aM 








211f N c M is a submanifold, then 
J : N — M is just the inclusion 
map. 
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due to the boundary as shown in the following example. Let 
M =(a,b), thus 0M = @, and f(x) =x. Then, 


I af OM f " 


But this does not contradict Stokes’ theorem since f is not 
compactly supported. 

If you close the interval, then # becomes with compact 
support and we are back in the case of Example 8.3.7 where 
we had already seen Stokes’ theorem. © 








Proof. Part I: euclidean boundary case. Let’s start with 
a special case: suppose M = H” itself. Since w has compact 
support, there is R > 0 such that suppw c A = [-R,R]”""! x 
(0, R] is enclosed within the rectangle A. We can write w in 
standard coordinates to get 


n F; 
; eer 
w= wide a+ adr Ares A dx” 
j=l 


where the hat means that the corresponding element dz! is 


omitted. Therefore2, 2 Exercise: explicitly write down 
the steps of the computation. 


dw = Sy ae" Avs Ada”, 
—_ 4b, 
and we end up with the integral 
us J 
[a =SC jt aad ne nde" 
n j=l X 


Son fn 
j=l 2 onl 


The last are genuine euclidean integrals and we can change 
the order of integration in each term to always integrate the 
x) term first. The usual euclidean fundamental theorem of 
calculus then, for the terms with 7 4 n, implies 


faaem Zor f Lae Bi 





j _— 
ay of {- 2 (a)dai dx’... dad... dx” 
j=l —R oad 
hs eo" — 
= SC )i- yf [. of. w4 (x dx... daxj ++» dx” 
= / ee 
=0 


since R is larger than the support of w at each coordinate. The 
only term that may not be zero is the 7 = n one. In that case, 
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for the same reasons, 








We now need to compare this with the right-hand side of (8.3). 
To this end, compute he following 


” * 
= ~j 
| w= oC ghee 1 O)dz* A+++ A dx Av++ Ada”. 
ene j=l AnH” 


Since x” vanishes on GH”, the pullback of dx” to the boundary 
is zero, and thus the only surviving term in the sum is the last 
one, that is, 


| w= | Walt sing = Ode Assn de, (8.5) 
OH” AnH” 


Since coordinates (x!,...,2"~1) are positively oriented for H” 
when n is even and negatively oriented when n is odd, we 
obtain the equality of (8.4) and (8.5). 


Part Il: euclidean case. If WJ = k” the considerations above 
apply without the need to make an exception for the case 

j =n, so all the terms vanish on the left-hand side of (8.3) 
while the right-hand side is trivially zero due to the empty 
boundary. 


Part Ill: “arbitrary” M but suppw is contained in a single 
chart. Let (U,w) denote a chart such that suppw c U. With- 
out loss of generality assume that y is a positively oriented 
boundary chart, then 


=| dota) 
(@) [one 


—= | W, 
OM 


where in the (@) step we applied the computations above and 
where cH” has the orientation induced by #”. For a negatively 
oriented smooth boundary chart, the computation applies with 
an extra negative sign on each side of the equation. For an 
interior chart, we get the same computations with k” in place 
of H”. 
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Part IV: “arbitrary” M and w. Let finally we 2"~1(M) with 
compact support. Without loss of generality, let {(Ui,y;) | i € 
I} be a finite cover of suppw by positively oriented charts and 
{p;} a subordinate partition of unity with >) p;(p) = 1 for all 
pe€suppw. Then, by applying the previous arguments for each 
7 we get 


Joa Dily o = d(piw) 
= dp; a 
Bf ter tw) 


= |< (de. A wt | (Se) dws 


=O0+ dw, 
M 














concluding the proof. 


Exercise 8.4.7. Let D” := {x = (a},...,2") € R® | ||z|| < 1} denote 
the unit disk in R” centred at 0. Recall that 0D” =S”"-1, 


1. Compute i n where 7, is the following 1-form on R?: 7 = 
—x7dx1 + 2\dx?. 

2. Compute Soo W where w is the following 2-form on R?: w = 
xldx? a dx? — x?dzx' a dx? + x3dzx! a dx?. 

3. Show that 7 and w above are closed but not exact (as differ- 
ential forms on S! and S? respectively). 


Hint: if you look carefully, you may notice that you don’t really 
need to write anything down in coordinates. x 
Example 8.4.8. Consider the annulus M = {(z,y) € R? | 1/2 < 
x? +y? < 1} and the 1-formw = =e = dO where (x,y) = 
(pcos @, psindg). 

Then dw = 0 and therefore §,, dw = 0. Furthermore, 


| w= | Ww +{ Ww 
OM w+y2=1 x2+y?2=1/2 
27 27 
= | dé — | dé 
0 0 


= 27-27 = 0. 


An important consequence of this is that while locally w is 
the differential of the angle function 6, this cannot be exact on 
all M: indeed, if w = dy for some 7, we would have 


20 Le [a4] 7 =0. 
St St ost 


Moreover, since 27 = J., w, Stokes’ theorem also implies 
that S' is not the boundary of a compact regular domain in 


R2\ {0}. 0) 











integration of forms 


In fact this example is a particular case of the following 
corollary of Stokes’ theorem. 


Corollary 8.4.9. Suppose M is a smooth m-manifold with or 
without boundary,N € M is an oriented compact smooth n- 
submanifold (without boundary) and w is a closed n-form on 
M. If Va # 0 then the following are true: 


1. wis not exact on M; 


2. N is not the boundary of an oriented compact smooth 
submanifold with boundary in M. 


Exercise 8.4.10. Prove this corollary. 
Hint: follows from two the previous corollaries. * 


Exercise 8.4.11. In this problem we are going to prove the 
smooth version of Brouwer’s fixed point theorem. 


Theorem 8.4.12 (Brouwer’s fixed point theorem (smooth ver- 
sion)). Let D, := {x € R” | |x| < 1} denote the closed unit 
disk in KR”. Any smooth map g: D, — Dy, has a fixed point, 
that is, Jpe D, such that g(p) =p. 


We will proceed by first showing another result. 


Theorem 8.4.13. Let N be a compact n-dimensional suoman- 
ifold of IR” with non-empty boundary ON. Then, there is no 
differentiable map f : N —@N for which every boundary point 
is a fixed point, that is, for which f(p) =p for all pe ON. 


Let 9 =da! a--- A dx” denote the standard volume form on 
N, that is, the restriction of the standard volume form on Rk” 
to N, and X be an outward-pointing vector field on ON. 


1. Show that w =z x is a closed non-vanishing form on ON. 
2. Show that f*w is closed. 


3. Prove Theorem 8.4.13. 
Hint: assume there is f such that f(p) = p for all pe ON 
and use integration to get a contradiction. 


4. Prove Theorem 8.4.12. 
Hint: by contradiction, use the half line from p to g(p) to 
construct a function for which every point in the boundary 


is fixed. 
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A 
Foliations and Frobenius’ Theorem (B. Brongers) 


A.l Foliations and Distributions 


In this introduction to the concept of a foliation, we will only 
be concerned with so-called regular foliations. The notion can 
be extended to include a more general class of objects, but 
we will not do so here and we will use the term "foliation” 
without further quantifiers. Let us begin by describing what 

a foliation is, conceptually. A foliation of a smooth manifold 
M is a decomposition into immersed submanifolds of equal 
dimension. These submanifolds are called the leaves of the 
foliation. 


Example A.1.1. We have already encountered some foliations. 


1. Let G be a Lie group and H < G a Lie subgroup. Then there 
exists a foliation of G whose leaves are the cosets of H. 


2. Let G x M — M bea free Lie group action. Then there 
exists a foliation of 14 whose leaves are the orbits of the 
group action. 


3. Vector bundles (and more generally fibre bundles) 7: EH — M 
give foliations of the total space /, whose leaves are given 
by {x} x m1 (a). 


Let us give the precise definition of a foliation. To do this, 
we also give the definition of a flat chart. 


Definition A.1.2. Let M be a smooth manifold of dimension n. 
A foliation F of dimension k on M is a collection of disjoint, 
connected, immersed k-dimensional submanifolds F; € F of 

M such that U;f; = M. The F; are called the leaves of the 
foliation. Additionally, for each x € M, there exists a flat chart 
(U, ¢) containing x. This means ¢(U) = (0,1)" Cc R” and F; nU 
is either empty, or a countable union of slices given in local 
coordinates by a*t+! = cKt+!... 2” = c” for some constants 


c. % 
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The definition may seem rather messy, in spite of the con- 
cept being quite intuitive. 
Example A.1.3. To give some more down-to-earth examples, 
consider the following: 


1. Let S® := {{a1,...,27) & R™\{0} | H(z)? = r,r > 0} and 
F = {S" | r > O}. This defines a foliation for R” with the 
origin removed, and the leaves are spheres. 


2. Consider the torus T? = S$! x S'. We have two different 
foliations, in each case the leaves are given by circles. They 
are F, := {{x} x S' | 2eS"} and Fy := {S! x {y} | ye S}}. 


% 


Exercise A.1.4. Describe the foliations of the torus given above 
in terms of coset spaces of the Lie group G = T? and suitably 
chosen Lie subgroups H. What about the foliation of R\{0} by 
spheres? Can you describe it in terms of a Lie group action G 
on some smooth manifold M? * 


One of the primary motivations for studying foliations arises 
from the concept of distributions, which at first might not 
seem related. 


Definition A.1.5. Let 17 be a smooth manifold. A distribution 
Don M is a subpsace D c T'M such that there exists a neigh- 
bourhood U of every point x ¢ M with the following property. 
Given y € U, there exist vector fields X,,...,X, such that 

Dy = span{(X1)y,..-,(Xz)y}- ?) 


Consequently D, is a linear subspace of 7). for all x € 
M. However, a distribution is not necessarily a sub-obundle of 
the tangent bundle, because the fibres may have different 
dimensions. If D is a suo-oundle of rank k, then we say that 
the distribution is regular. 

We can immediately give a reason for why we might want 
to consider such objects, as follows. In many physical sys- 
tems, there are certain constraints to be imposed. One way 
we might think of such constraints, is a limitation on the paths 
that a particle is allowed to take, whether that is in phase 
space, or in physical space. Concretely, this means that at 
certain points, we want to exclude directions from the space 
of possible trajectories of this particle. As such, the space 
of velocities of the particle at a point x € M is no longer the 
entire tangent space, but rather a linear subspace D, c TM. 
We would then patch all of these subspaces together to geta 
distribution on M. 


Remark A.1.6. In the remainder of this chapter, we will assume 
that our distribution are regular, unless stated otherwise. That 
is, D is a sub-bundle of the tangent bundle. © 


As our motivation above illustrates, distributions are inti- 
mately related to the solutions of differential equations. As 
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such, we want to know when a distribution can be integrated 
to give a solution to our set of differential equations. Conse- 
quently, for the special case of (non-singular) vector fields, we 
had better recover the definition of an integral curve; these 
are the solutions to the differential equation specified by a 
vector field on M. 


Definition A.1.7. Let D be a distribution on M. A submanifold 
Dc M is called an integral manifold if T,D = D, for all re N. 
A distribution is called integrable if there exists an integral 
manifold containing « for all ee M. 

It is called completely integrable if for every z « M, there 
exists a smooth chart (U,¢) such that ¢(U) = (0,1)” < R” and 
D\y = span{o1,..., Ox}. % 


When D is integrable, we get a decomposition into maximal 
integral manifolds MM = U,D;, which is a disjoint union. There- 
fore, integrable distributions give rise to folations. 


Exercise A.1.8. Find a distrioution on kk” whose integral mani- 
folds give the foliation from A.1.3. Hint: consider the orthogo- 
nal complement of the Euler vector field «*d;. * 


A.2 Frobenius Theorem 


The theory of Lie groups and Lie algebras originated Late in 
the 19th century, through the study of partial differential 
equations. There have been many applications of Lie theory in 
other fields since then. However, in what is to follow, we will 
be able to see its origins. 


Definition A.2.1. Let D be a distriobution on M and ID) its 
space of sections. Then D is said to be involutive if ([(D), [-,-]) 
is a Lie subalgebra of (I(T), [-,-]). 0) 


Frobenius theorem asserts that this algebraic criterion is in 
fact equivalent to the analytic criterion of integrability. 


Theorem A.2.2 (Frobenius Theorem). A distribution is com- 
pletely integrable if and only if it is involutive. 


We outline the proof as it is presented in [Lee13]. We first 
establish the following result: 


Proposition A.2.3. Any integrable distribution is involutive. 


This result is actually very straightforward. The converse 
implication of the Frobenius will require more work. 


Proof. Suppose that X,Y eI(D|y), xe U and xe D, where D is 
an integral manifold of D. Then we actually have X,Y eI(TD), 
whence [X,Y] e I(TD), so [X,Y] e [(D|yv). Consequently, [(D) 
is indeed a Lie subalgebra of TM. 
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The proof sketch for the converse implication as it is given 
in [Leel3, Theorem 19.12] is based on the canonical form the- 
orem for commuting vector fields, which shows that a distri- 
bution is completely integrable if it has a local basis given 
by commuting vector fields. The proof then outlines how ev- 
ery distribution can be given such a structure. This is done by 
transferring to Euclidean space through chart maps, assuming 
that the distribution is spanned by 0),...,0, €T(£R”), and then 
using the projection map 7: (z,...,2") + (a!,...,a*) and its 
differential to transfer the coordinates back to M. The crucial 
step is that dz is a Lie algebra homomorphism. Together with 
the fact that [0;,0,;] =0, this suffices to establish the result. 

In classical mechanics, the Frobenius theorem has the fol- 
lowing application. 


Corollary A.2.4. The distribution determined by the con- 
straints on a physical system is involutive if and only if the 
constraints are holonomic. 


Without trying to give a precise definition for what a holo- 
nomic set of constraints is, this means that the constraints 
determine an involutive distribution if and only if we can find 
solutions to the specified equations of motion. 


A.3 Prelude to Lie Algebroids 


The Frobenius theorem is remarkable result, in that we can ex- 
press a particularly desirable situation (complete integrability) 
in terms of a purely algebraic criterion (involutivity). These 
situations occur more often in mathematics and physics, as we 
now outline. We will not elaborate much on the definitions, as 
these topics could fill entire books. Rather, this is to motivate 
and encourage the interested reader. 

There is a theory of complex manifolds, which is very much 
analogous to that of smooth manifolds, except using holomor- 
phic atlases/transition functions/vector bundles, etc. The tan- 
gent bundle of a complex manifold Z then inherits a pointwise 
linear map J : TZ — TZ satisfying J? = —id, owing to its un- 
derlying complex structure. Such a map might also exist on a 
smooth (even-dimensional) manifold. It is then called an almost 
complex structure on M. It is a natural question to ask when 
such a map J comes from the structure of a complex manifold, 
that is, can M be given the structure of a complex manifold so 
that J is its associated map J : TM — TM on the (holomor- 
phic) tangent bundle? The answers can be reformulated in a 
certain "bracket criterion”. 


Theorem A.3.1 (Newlander-Nirenberg Theorem [Voi02]). Let 
J:TM — TM be an almost complex structure on M. Then 
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it comes from a complex structure if and only if [J, J]n = 0, 
where |-,-|y is the Nijenhuis bracket. 


Related to the theory of almost complex structures, is sym- 
plectic geometry. This type of geometry is a "weaker” notion 
than that of Riemannian geometry, in the sense that it isn’t as 
restrictive. Any Riemannian metric provides an isomorphism 
TM — T*M given by X & g(X,-), but it provides other struc- 
ture as well. 


Definition A.3.2. An almost symplectic manifold is a pair (M,w) 
where w € ?(M) provides an isomorphism ¢ : TM — T*M 

by X & w(X,.-). If, additionally, dw = 0, then the pair (M/,w) is 
called a symplectic manifold. 0) 


On an almost symplectic manifold, we can associate a vec- 
tor field X;, to any function h : M — R. We do this by tak- 
ing the differential, and then using the inverse isomorphism 
provided by w. Thus, we define X;, = ¢ (dh) and call it the 
Hamiltonian vector field of h. Given these structures, we can 
define a bracket operation on C”(M) as follows. We define 
{-,:} : C?(M) x C®(M) — C%(M) by {f,g} = —X yg. Since 
{f,-} is given by a vector field, this is a derivation of the alge- 
bra C“(M). Furthermore, it is anti-symmetric. The question 
is whether the bracket defined in this way satisfies the Jacobi 
identity. 


Theorem A.3.3. The bracket {-,-} : C?(M) x C®(M) > C®(M) 
satisfies the Jacobi identity if and only if the almost symplec- 
tic structure is a symplectic structure. That is, if and only if 
dw =0. In this case, (C”(M), {-,-}) is a Lie algebra. 


Again, here we have an equivalence between the "integrabil- 
ity” of a certain structure, and a "bracket criterion” given by 
the Jacobi identity. 

Example A.3.4. Let M be a smooth manifold. Then T7* M can 
be given a natural symplectic structure. The key point here, 

is to notice that T*M > M comes equipped with a natural 
1-form, called the tautological 1-form 7 « 0'(T*M). To under- 
stand this, let 7¢ 7*M. Then ne 7~!(x) for some unique ze M. 
That is, 7: T;M — Ris a linear map. Now, if X € T,IT*M, then 
we have dr(X) € Ty(,)M = T,yM. As a result, we can evalu- 
ate 7(dz(X)). In this way, we get a 1-form 7,(X) = 1*n(X). 
The 2-form w := —dr is a symplectic form on T* M, called the 
canonical (or tautological) symplectic form. % 

Another important class of symplectic manifolds arises 
from complex geometry, and these are the so-called Kahler 
manifolds. Every smooth projective complex variety is an 
example of such a manifold, by Serre’s GAGA theorem. 


Theorem A.3.5 (Serre [Ser56]). There is an equivalence of 
categories between smooth projective algebraic varieties, 
and connected projective complex manifolds Z < CP”. 
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In light of this theorem, we shall prove that CP” has a 
canonical symplectic form, which provides us with a large 
class of symplectic manifolds with a canonical symplectic 
structure. One of the most well-known examples of homologi- 
cal mirror symmetry, which arose from string theory, is given 
by the quintic threefold 


Z = {[z0 : 21: 22: 23 : 24] € CP* |S) 2? = 0} 


This is a smooth projective variety of great historical impor- 
tance, because it propelled the idea of mirror symmetry from 
being an obscure physical theory, to a mathematical conjec- 
ture, as found in [Kon94]. The homological mirror symmetry 
conjecture (which has been verified for a large number of ex- 
amples) uses the symplectic structure on a manifold to con- 
struct the so-called Fukaya category. The conjecture asserts 
that this category is equivalent to a certain category defined 
over its mirror pair. 

However, we cannot even hope to touch upon mirror symme- 
try here. Instead, we will carry on to prove our assertion that 
complex projective space has a canonical symplectic structure. 
The main result that we need is the following. 


Theorem A.3.6. Complex projective space CP” inherits a 
metric h from C"*+ called the Fubini-Study metric. 


Proof. We can obtain CP” from C™+! as follows. First we take 
S2ntl = Crt!/ ~, where z ~ Az for A € R,. Then we obtain 
CP” from S?”*1 through the equivalence relation z ~ ze” 
summary, we have 


. In 


crt 71 gent T™2 cP” 


On C"t! we have a canonical metric defined by g = ))'_, dz ® 
dz;. We would like this metric to descend to the quotient. Let 
u: $2r+1 _, €"+! be the inclusion map. Then 1*g is a canonically 
defined metric on S?”*!, called the round metric. It is constant 
on the fibres of 72, since the fibres are the orbits of U(1). We 
leave the details as an exercise. Therefore, .*g descends to 
CP”, to give the Fubini-Study metric. In Local coordinates, it is 
given by 





2, 0z;/ (1+ (2/2) 

















Remark A.3.7. As a part of the proof above, we established 
the Hopf fibration, which is an example of a so-called principal 
G-boundle, where G is a Lie group. In this case, G= S$! = U(1). 


gi any, gent by cp” 
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Now that we have a metric, it is actually straightforward to 
define a symplectic structure, due to the following result. 


Theorem A.3.8. Let M be a smooth manifold. Then M might 
have a symplectic, almost complex and/or Riemannian struc- 
ture, denoted byw, J and g respectively. Given two of these 
structures, we can use them to construct the remaining one, 
in a compatible way. 


Proof. The reader may verify that the following indeed de- 
fines each of the structures as claimed. 


1. w=go(J @id) 
2. g=wo(id@J) 


3. Given w and g, we obtain J through polar decomposition, see 
[Sil08]. 














Corollary A.3.9. Any complex manifold with a metric has a 
symplectic structure defined by w = go(J@id). In particular, 
any projective complex manifold Z <c CP” has a canonical 
symplectic structure defined by w(X,Y) =u*h(J(X),Y). 


Next, we have an example from the realm of Poisson ge- 
ometry. This is in some sense a generalisation of symplectic 
geometry. The theory of Poisson manifolds is a very active 
research area, related to quantisation of physical theories, as 
well as modelling constraints on physical systems. 


Definition A.3.10. An almost Poisson manifold is a pair (1, II) 
such that the bracket {-,-} : C®(M) x C®(M) > C®(M) de- 
fined by {f,g} = II(df,dg) satisfies the axioms of a Lie algebra, 
save for the Jacobi identity. If the bracket satisfies the Jacobi 
identity, the pair is called a Poisson manifold. % 


Remark A.3.11. The Jacobi identity is precisely equivalent 

to the condition that ad(X) = [X,-] is a derivation of the Lie 

algebra (g,|-,-]). In the context of the Poisson bracket above, 

we have two different algebraic operations on C”(M). Namely, 

pointwise multiplication and the Poisson bracket. By definition, 

{f,-} is a derivation of the algebra (C%(M),-). The requirement 

that the Jacobi identify be satisfied, means that {f,-} is also 

a deriviation w.r.t. (C?(M), {-,-}). A Poisson manifold is then 

a manifold with this mutually compatible structure, making 

C™(M) into an infinite-dimensional Lie algebra. o) 
Given an almost Poisson structure, we can again find a cri- 

terion for it being a Poisson structure in terms of a bracket 

Operation. 


Theorem A.3.12, Let (M,II) be an almost Poisson manifold. 
Then this pair defines a Poisson structure if and only if 
(II, U]sn =0 where [-,-|sxy is the Schouten-Nijenhuis bracket. 
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Let us give an important example of a Poisson manifold. 


Example A.3.13. Let g be a Lie algebra of finite dimension, and 
let g* be its dual as a vector space, with its standard smooth 
manifold structure. let z',...,2” denote the coordinates on g 
and y!,...,y” the dual coordinates on g*. Then we can define a 
bracket on C(g*) by 

Of Og 


.— 7k 








where cf are the structure constants of g, defined by [z,,2,] = 
Chk This class of Poisson manifolds is called Lie-Poisson 
manifolds, and they were originally studied by Sophus Lie him- 


self. 0) 


In Poisson geometry, it is desirable to find a so-called sym- 
plectic realisation of a Poisson manifold. In some sense that 
can be made precise, this means "untangling” the Poisson man- 
ifold into a simpler structure, which is a symplectic manifold. 


Theorem A.3.14 (Crainic,Fernandes [CFQ3]). A Poisson manifold 
admits a complete symplectic realisation if and only if it is 
integrable. 


The specifics of this notion of integrability are somewhat 
beyond our scope, because we are entering the realm of Lie 
groupoids and Lie algebroids. We shall state the definition of 
a Lie algebroid after the following example, so that the reader 
can see how all these concepts fit into the framework of Lie 
algebroids. 

Our final example is that of a Dirac structure on a manifold. 
In order to do this, we first want to define two operations on 
the space TM :=TM @T*M. Namely, 


1. A symmetric bilinear form ¢-,-): TM — R defined by 
((Xp, Op), (Yp Bp)) = Op(Yp) + Bp(Xp) 

2. A bracket [-,-] :T(TM) x '(0M) > T(TM) defined by 
[(X, a), (Y, 8)] = ([X, Y], £x 8 — tyda) 


Remark A.3.15. There is also a skew-symmetric bracket on 
TM, defined by 


[(X,a),(Y, Blo = ([X, Y],£x8 —Lya+ seal) — B(X))) 


called the Courant bracket. We will refer to this bracket later 
on, as it makes TM into a Lie algebroid. The bracket [-,-] in- 
stead produces a Courant algebroid. % 
We are now interested in sub-oundles Z c TM which are max- 
imally isotropic with respect to the symmetric form above. 
This means that LZ has rank dim M, and <L, L) = 0. Indeed, this 
is not an inner product, so this does not only hold when L = 0. 
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Definition A.3.16. An almost Dirac structure on M is a sub- 
bundle L c IM which is maximally isotropic. L is called a Dirac 
structure if [['(Z),0(L)] <T(L). ©) 


An important class of Dirac structures is determined by 
foliations. This is where we can use the theorem of Frobenius. 


Example A.3.17. Let D c TM be a (regular) distribution. We 
define 
Ann(D), := {ae TSM |a(v)=0 Woe Dp} 


This determines a sub-obundle of T7*M called the annihilator 
of D, and we denote it by Ann(D). Then by construction, D ® 
Ann(D) < TM is maximally isotropic. This defines a Dirac 
structure if and only if [[(D),'(D)] < I'(D). By Frobenius’s 
theorem, this is equivalent to D being completely integrable. 


o 


We now give the definition of a Lie algebroid. 


Definition A.3.18. A Lie algebroid is a vector bundle EF 

M with a bracket |-,-] such that (['(£),|-,-]) is a Lie algebra. 
Furthermore, there is a vector bundle morphism p: EF — TM 
called the anchor, such that [X, f-Y] = p(X)f-Y+ f- [X,Y] for 
all X,Y e T(E), fe C°(M). 0) 


We have encountered several of these in the text above. 
Example A.3.19. Let (/,II) be a Poisson manifold, and define 
p:T*M > TM by p(a) = II(a,-). Define a bracket on '(7* M) 
by 

[a, 6] = Lp(a) 8 a Lopya = dil(a, B) 
Then the triple (7*M, |-,-], ¢) is a Lie algebroid. % 
Example A.3.20 (See [Cou90]). Let Lc TM be a Dirac structure 
on M and define p := pr|z, where pr: TM — TM is the natural 
projection. Let [-,-]c be the restriction of the Courant bracket 
to [(L). Then (L,[-,-]c,) is a Lie algebroid. % 


Exercise A.3.21. Find a Lie algebroid structure for a given sym- 
plectic structure (M,w). ¢ 
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B.1 Generalising the Exterior Derivative 


We will consider real vector bundles, but the following con- 
cepts apply equally well to complex vector bundles. In the 
course, we were introduced to the exterior derivative. It is 

a differential operator, which generalises concepts from cal- 
culus to smooth functions on smooth manifolds f : M — Rk. 
Such functions can also be viewed as sections of the trivial 
line bundle M x R 4 M. The ring of smooth sections of this 
bundle is then [(M,R) = C”(M). As we know by now, the 
exterior derivative is a derivation of this ring. That is, in ad- 
dition to being a linear operator, it satisfies the Leibniz rule. 
Connections are the answer to the following question: can this 
notion be extended to arbitrary vector bundles? The difficulty 
lies in the fact that for the trivial bundle M x R*, we have a 
canonical way of identifying the fibres. Indeed, if x,y ¢ M, we 
have the canonical isomorphism {x} x R* — {y} x R*® given by 
(a,e) > (y,e). This does not hold true for vector bundles in 
general (of course, the fibres are isomorphic - but not canoni- 
cally so). However, it is instructive to first consider the slight 
generalisation from M x R > M to E = M x R® + M. The 
space of smooth sections I'(£) is now naturally a module over 
C”(M). We can extend the exterior derivative to E in the 
following natural way. 


Definition B.1.1. Let & be the trivial vector bundle of rank 
k. Let s = (fi,..., fx) € T(E) and X € T(TM). We define 
VS" : T(E) > T(E) by 


VE"s = (dfi(X),...,dfx(X)) 
and call it the canonical connection on EF. © 


Notice here that we made use of the crucial fact that every 
section of the trivial bundle can be written as a k-tuple of sec- 
tions of the trivial line bundle. As a consequence of the known 
properties of the exterior derivative, we have the following 
result: 
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Proposition B.1.2. If we instead view V°*" : T(T7M) x T(E) > 
I(£), then V“" satisfies: 

Ll. Vexs =f VE"s 

2. Vo"(f-s)=X(f)-stf-VS"s 


Notice how these properties are analogous to those of the 
exterior derivative. If f,g ¢ C?(M) and X e T'(7'M), then 


df(gX) = g-df(X) and d(f-g)(X) = df(X)-9+ f- df(X). 
Definition B.1.3. Let E 7 M be an arbitrary vector bundle. Any 
R-linear map V : T(7M) x T(E) > T(E) satisfying the above 
two properties is called a connection on E. That is: 


1. V fxs >= [Vxs 
2. Vx(f-s)=X(f)-s+f-Vx(s) 
% 


Using the canonical connection on a trivial bundle and a par- 
tition of unity, one can show (exercise) that any vector bundle 
admits a connection. To this end, first prove that a convex 
linear combination of connections again defines a connection. 
The following result shows that, once we have a connection, 
we actually get an affine space of connections. 


Proposition B.1.4. Let FE be a vector bundle over M. Suppose 
that Ae 01(M) @r End(E). Let V be a connection on E. Then 
V+A is also a connection on FE. 


Proof. Denote V’:=V+A. 
l. Vixs =Vyxst+A(fX)s = fVxs+ fA(X)s = fVxs 


2. Vik (fs) = Vx(f-s) + A(X) (fs) = Xf) st fe Vxstf A(X)s = 
X(f):s+f-Vxs 














lf EF is trivial of rank k, then the above assumption just 
means that Ais ak x k matrix of 1-forms. In fact, if V is 
a connection on the trivial vector bundle of rank k, we can 
always write V = d+ A for some matrix of 1-forms, and this A 
is called the Local connection 1-form. 


Remark B.1.5. We can take the wedge product of matrices 
of 1-forms as follows. We use standard matrix multiplication, 
but instead of scalar multiplication in the entries, we use the 
wedge product. For example: 


dx dy z dy dz\ _ 0 dx a dz 
dy dz dx dy}  \-—dx a dz 0 
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The defining property of the local 1-form is given in the 
following exercise: 


Exercise B.1.6. Let e = (e),...,e,%) be a local frame for E. Show 
that Ve = eA, where we are viewing vectors as rows. * 


The terminology arises from the fact that every vector 
bundle is Locally isomorphic to the trivial bundle, so we can 
express the connection locally in terms of this connection 
1-form. Suppose that 


®: Elu, > Ua x R* Og: Elu, > Ug x R* 


are two local trivialisations for &. Then we can ask ourselves 
how the connection 1-forms are related, when we restrict to 
the intersection U,g. As we know, a trivialisation is equivalent 
to a local frame for E. Let ®, correspond to {e;}*_, and ®, to 
{e/}*_,. Then there exist a smooth map dag : Uag > GL(k,R) 
such that e’ = e¢ag. Consequently, using the Leibniz rule, we 
find: 


Ve’ = Vedas) = (Ve)bag + edbap = (€Aa)bap + edbag = 
(e975) Aadas oc (e538) deag = e'(b,pAabap + b,,3d¢a8) 


Thus, we have that Ag = $,5Aa¢og + $,34¢08- Notice that 
this does not transform tensorially. A remarkable fact that we 
will show Later, is that applying V twice results in an operator 
which does transform tensorially. This will be the curvature 

of V. Before we end this section, we give one important way 
of obtaining connections. Every vector bundle is a sub-bundle 
of a trivial vector bundle of sufficiently high rank. This trivial 
bundle has a canonical connection. Consequently, the following 
result is often useful. 


Proposition B.1.7. Let EF C E’ be a vector sub-bundle. Let 

T, : EH! > E, denote fibre-wise projection, which we assume 
to result in a smooth map 7: E’ > EF. Let V’ be a connection 
on E’. Then V:=70V’ defines a connection on E. 


Proof. We take linearity to be given. Let s e I'(£) and X € 
I(7M). Note that a(s) =s. 


lL. Vexs=70Ve ys =a(f-Vys)=f-(moVys)=f-Vxs 


2. Vx(f-s) = (Vx (f-8)) = (X(f)-st+f- Ves) = X(f)-stf-Vxs 














B.2 Geometric Intuition 


Let’s examine geometrically what a connection is. We will 
again do so on atrivial vector bundle E = M x R*, In the case 
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of the canonical connection, we are identifying the fibres in 
terms of "flat slices”. The notion of flatness will be given a 
precise meaning in a moment. 


Example B.2.1. Let M =R and E = R’, which is the setting for 
highschool calculus. Sections of & can be written as functions 
f(a). Furthermore, a 1x1 matrix of differential forms is just an 
ordinary differential form df. Let f(z) = ax+, so that df(x) = 
adx. Define a connection on EF by V := d-—adz. Ordinarily, we 
would say that functions of the form g(x) = c are flat, because 
dg(x) = 0. But now, we have Vg(xz) = —acdz. If we consider 
the function g(x) = e®*, then dg = ag(x)dx. Consequently, 
Vgo(x) = ag(x)dx — ag(x)dx = 0. Should we call g(a) flat with 
respect to V? > 


The example above illustrates informally how we identify 
the fibres of a vector bundle, using the connection, to inform 
our notion of "flatness”. Formally, this is done through parallel 
transport. 


Definition B.2.2. Let E be a vector bundle over M andy: I — 
M acurve. There is a linear map PY : Ey) > Ey) called 
parallel transport along +. % 


For an arbitrary vector bundle, we would need to introduce 
the notion of the pull-oack connection to give an explicit equa- 
tion for parallel transport. Instead, we continue to restrict 
ourselves to trivial vector bundles. In this case, consider 
y : I — E, which is a curve in & such that 7(7) = 7, and is 
called a lift of 7 to E. We can write 7(t) = (y1(t),..-, ye (6) 
since we are assuming E to be trivial. Then a Lift of y is said 
to be flat with respect to V=d+A if 


This is just a system of ordinary differential equations. Parallel 
transport is the precise way in which a connections identifies 
the fibres of the vector bundle. 


Exercise B.2.3. Consider the vector bundle EF with connection 
from B.2.1. We see that flat paths are given by function of the 
form g(x) = ce*” with c € R. Do these paths give a foliation of 
E? |f we instead take V = d-— «dz, calculate the flat paths in EF 
and give the parallel transport maps. * 


B.3 The Curvature of a Connection 


Every connection has an associated curvature. Intuitively, 
we might think of the curvature as the "failure of the partial 
derivatives to commute”. In ordinary Euclidean space, we have 


a? a? 


= 54, so the derivative operators do commute. 


Oyou Oxdy’ 
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Definition B.3.1. Consider the operator Ry : T(7M) x I'(TM) x 
I'(£) > T(E) defined by 


(X,Y,s) - (VxVy — Vy Vx — Vix,y))s 


Ry is called the curvature tensor of V. It is C?(M)-linear in 
all arguments, and skew-symmetric in X and Y. Therefore, it 
defines an element Fy € 0?(M) @r End(E£) called the curvature 
form of V. We also simply write F instead of Fy when the 
connection is clear from the context. % 


The curvature of a connection can be interpreted in several 
different ways. For computational reasons, the following is a 
very useful result. 


Theorem B.3.2. Let FE = Mx R*, and let V=d+Abea 
connection on &. Then F=dA+AA A. 


Proof. We calculate how R(X,Y) acts on a local frame e, using 
B.1.6. First, we have 


VxVye=VxA(VYje=XA(VY)e+ A(Y)Vxe = XA(Y)e+ A(Y)A(X )e 
The expression for Vy Vx is derived similarly. It follows that 


R(X,Y)e = (XA(Y) — YA(X) — A([X,Y]))e + (A(X) A(Y) — A(Y)A(X)e = 
dA(X,Y)e+ An A(X,Y)e = (dA+ An A)(X,Y)e 


Where we have used the formula for the exterior derivative on 
1-forms, which is 


du(X,Y) = Xw(Y) — Yw(X) — w([X, Y]) 














Exercise B.3.3. Use B.3.2 to prove that Fy = $73Fa¢ag. This 
shows that the curvature of a connection doees transform 
tensorially, which means F € 0?(M,End(£)) defines a global 
2-form. * 


Notice that for a line bundle, the local connection 1-form is 
an ordinary differential form. In this case, we find A ~ A = 0, 
whence F = dA. This is actually the origin of the notation A 
and F for the connection and curvature, respectively. Clas- 
sically, F would be the electromagnetic tensor, and A would 
be the electric potential. However, to see the exact relation, 
we would need to investigate principal bundles, which is some- 
what beyond our scope. 


Example B.3.4. We return to the previous example B.2.1. 

Since we have a line bundle and local connection 1-form given 
by —cdx, the curvature of this connection is 0. Indeed, if MZ 

is a 1-dimensional manifold, and A = f(x)dz is the local 
connection form for a rank 1 vector bundle over W/, then 
F=dA= of da A dz = 0, so all rank 1 vector bundles over 
1-dimensional manifolds are flat. © 


175 


176 analysis on manifolds 


Theorem B.3.5 (Fundamental Theorem of Riemannian Geome- 
try). Let (M,g) be a Riemannian manifold. Then there exists 
a unique connection on the tangent bundle TM called the 
Levi-Civita connection, which satisfies ViX,Y), =(VX,Y), + 
(X, VY), for all X,Y ¢ T(L£M). The curvature of this connec- 
tion is called the Riemann curvature tensor. 


Our example above illustrates that any 1-dimensional mani- 
fold is flat. This isn’t necessarily intuitive, given the shape of 
a circle. 


Exercise B.3.6. Use B.1.7 to induce a connection on 7'S?, where 
we take. : S? — R® and give R? its standard metric g. Show 
that the induced connection is the Levi-Civita connection of 
the pullback metric .*g, and calculate the curvature tensor. * 


We conclude this section with one particular interpretation 
of curavture, in the spirit of the previous chapter. Another will 
be given in the next section. What we explain here generalises 
naturally to principal bundles as well. First, we note that a 
vector bundle is itself a smooth manifold, so it has a tangent 
bundle TF. Associated to each vector bundle, we have the 
canonically defined differential dz : TE — TM. The vertical 
sub-bundle V of T'E is defined as kerz. A connection can then 
also be seen as a sub-bundle H of T’F such that TE =~=HO@Y, 
subject to some compatibility conditions. This # is called a 
horizontal sub-bundle. It is determined by the derivatives of 
flat paths in &, which is where the adjectives horizontal and 
vertical come from. Now, another interpretation of curvature 
can given as follows: 


Theorem B.3.7. The distribution H determined by a connec- 
tion V is integrable if and only if its curvature vanishes. 


The proof of this theorem uses the Frobenius theorem from 
the previous chapter. This result has a more natural interpre- 
tation in the context of connections on principal bundles, and 
we encourage the reader to explore this material. 


B.4 The Exterior Covariant Derivative 


One of the defining properties of the exterior derivative is 
that d? = 0. This property gives rise to the chain complex 
from which we can compute the de Rham cohomology of a 
manifold. We will now explore how every connection gives rise 
to a so-called covariant exterior derivative dy, which does not 
generally satisfy dz, = 0. The obstruction to this is precisely 
going to be the curvature associated to V. When defining d : 
O*(M) > O*+1(M), we extended the differential d: C°(M) > 
T* M to exterior powers of the cotangent bundle. We will now 
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use the same formula to define dy, except with V in place of 
the differential. 


Definition B.4.1. We define the covariant exterior derivative 
dy: OFM, E)> OF+1(M, E) by 


dyu(X4,...,Xe1) = 


k+1 k+1 
Ss (-1)'T'Vx,0(X1 aoe Xi, ees ,Xk41) at ys (-1)*9 41 (LX; X5], X41, ia Xi; Pree Xj; ag X41) 


i=1 i<j 
0) 


We have a natural module structure for @, *(M, E) over 
the ring @, 2*(M). Let w € Q*(M) and 7 € O*'(M,E). The 
covariant exterior derivative satisfies 


dy(w An) = dw an+(—1)*w a dyn 


Exercise B.4.2. Show that djw = Fow for allweQ*(M,E). * 


Any connection V on £ induces a connection V5"? on the 
vector bundle End(£). One way to see this is as follows. Given 
a connection V on EF, we can define the dual connection V* on 
E*. To see this, consider the natural pairing E x E* > C”?(M) 
given by (s,0) + 0(s) := (8,0). 


Exercise B.4.3. Verify that the connection V* on E* defined by 
(V"0)(s) = d(6(s)) — (Vs) 
for se T(E) is indeed a connection. * 


Proposition B.4.4. Let (£,V) and (E’,V’) be vector bundles 
with connections. Then these connections combine to give a 
connection V@V’ on E@ E’, defined by 


VO@V'(s@s') =(Vs) @s' +8 @(V's’) 
Proof. We take linearity for granted. Let s e I'(£) and s’ € 
I(E’). For the first property of a connection, we calculate: 
(V@V')px(s@s') = (Vex(s))@s' +8@(Vix8') = 
(fVxs)@s' +5 @(fVxs') = f(V@V’)x(s@s’) 
For the second, we have: 
(V@V')x(fs@s') =(Vxfs) @s' + fs@ (Vxs') = 
(Xf)s + fVxs) @s' + fs@® (Vixs') = 
(Xf)s@s'+ f(Vxs) @s' + fs@(Vxs') =(Xf)s@s' +f(VOV')x(s@s') 

















Now, if we have a connection on EF, this gives us a connec- 
tion on F @ E* = End(£), by the two results above. Explicitly, 
it is given as follows. Let ye T(End(£)) and seI(£). Then 


(V="%p)(s) = V(v(s)) — o(Vs) 
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As a result, from the definition of the exterior covariant 
derivative, we get the following equation: 


(dyenay)(s) = dy(y(s)) —p a Vs 


Note here that there exists a natural well-defined wedge prod- 
uct ~ : Q*(End(E)) x 0 (BE) > O'+*' (EB). The following result 
is one that has important implications in physics, as well as 

in the classification of vector bundles through characteristic 
classes. It is Known as the Bianchi identity. 


Theorem B.4.5, Let (E,V) be a vector bundle with connection, 
and let F be its curvature. Then 


dyena PF = 0 
Proof. We use B.4 to compute 


(dye F')s = dy(F(s)) — F(Vs) = d3s —dis =0 
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